RADICAL EXTENSIONS AND CROSSED CHARACTERS 
REINHOLD BAER 


E. Witt! has given a theory of abelian extensions of fields contain- 
ing sufficiently many roots of unity which consists essentially, as has 
been remarked before,” in applying the theory of characters of finite 
abelian groups. There exists now a sufficiently developed theory of 
crossed characters,’ and it is the object of this note to show that a 
fairly complete and simple theory of radical extensions may be ob- 
tained if one follows Witt’s treatment* of abelian extensions, only 
substituting for the classical theory of characters the theory of 
crossed characters.§ 

Suppose that the commutative field® K is a finite, normal, and 
separable extension of the field F, that the characteristic of the field 
K is either 0 or prime to the given integer m, and that E is the group 
of the mth roots of unity contained’ in K. The Galois group G of the 
extension K of F consists of all the F-automorphisms of the field K 
(automorphisms of the field K which leave the elements in F in- 
variant). Every automorphism g in G induces in E an automorphism 
which we also denote by g, and the correspondence mapping the 
automorphism g in G upon the automorphism g of E shall be de- 
noted by C. 

A C-character of the group G is a single-valued G to E function 
f(g), satisfying the functional equation f(u)*f(v) =f(uz). 


Lemma 1. The function v'-® of the element g in G, for v an element 
in K,is a C-character of G if, and only if, v™ is an element, not 0, in F. 


Proor. If v'~* is a C-character of G, then v'~* is for every g in G 
an element in E, so that (v)'-?=1 for every g in G. Thus v” is a fixed 
element of the Galois group of K over F, proving that v™ is an ele- 
ment, not 0, in F. 

Assume conversely that v”#0 is in F. Then (v!-*)"=(v™)!-9 =1 for 


Presented to the Society, April 24, 1943, received by the editors December 21, 
1942. 

1 Witt [1], [2]; the references refer to the bibliography at the end of the paper. 

2 Baer [1]. 

3 Baer [2]. 

‘ Or the treatment as suggested in Baer [1]. 

5 The importance of the theory of crossed characters for the theory of radical 
extensions has recently been stressed by MacLane-Schilling {1]. 

6 As all the fields will be commutative, we shall omit the word “commutative” in 
the future. 

7 K need not contain m distinct mth roots of unity; cp. Theorem 3 below. 
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every g in G, so that v'~# is a single-valued G to E function. If s, ¢ 
are elements in G, then = (y!-*) and we have shown 
that v'~* is a C-character of G. 

We denote, as customary, by F* the multiplicative group of the 
elements, not 0, in F, and it will be convenient to denote by K» the 
multiplicative group of those elements in K whose mth power is 
in F*. Clearly F* is a subgroup of Kn. 


THEOREM 1. An isomorphism of the group Ky,/F* upon the group 
of all the C-characters of G is effected by mapping the element v in Kn 
upon the function v'—® of the elements in G. 


Proor. It is a consequence of Lemma 1 that v'~* is a C-character 
of G whenever v is an element in Ky, and it is readily seen that a 
homomorphism of K,, into the group of all the C-characters of G is 
effected by mapping v upon the function v'~* of the elements in G. 
Furthermore v!~*=1 for every g in G if, and only if, v is an element 
in F*, as follows from the fundamental theorem of Galois theory, 
and this shows that exactly the elements in F* are mapped upon the 
C-character 1. To complete the proof of our theorem we need show 
only that® every C-character of G may be represented in the form 
v'-* for some v in K,,. Suppose therefore that f(g) is a C-character of 
G. Assume that there did not exist an element w in K such that 
>, in ¢ wf(g) #0. Then >>, in (w*)*f(g)=0 for every h in G and 
every win K. Since the elements f(g) are different from 0 as elements 
in E, this implies that the determinant D(w) = | who| =0 for every 
w in K. But this is impossible, since the normal basis theorem® as- 
sures the existence of elements w in K such that D(w) #0. Conse- 
quently there exists an element win K such that v=) y in ¢ w°f(g) £0. 
If h is some element in G, then 


= = werf(gh) = », 
ginG ginG 
since f is a C-character and gh ranges over G with g. Since v¥0, we 
find that v'-*=f(h) for every h in G, and it is a consequence of 
Lemma 1 that v belongs to K,, as was to be shown. 

The following restatement of Theorem 1 will prove helpful: If V 
is a coset of K,,/F*, then V'~* is a C-character of G, and every 
C-character of G may be represented in one and only one way in 
the form 


® The following arguments are essentially a restatement of a proof of Speiser [1] 


p. 3. 
Cp. Deuring [1]. 
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We recall that a group B of C-characters of G is termed’® complete 
if B(g) =1 implies g=1. 


THEOREM 2. If M is a multiplicative group between F* and Km, then 
the following two properties of M are equivalent: 

(i) K=F(M). 

(ii) The group of the C-characters V'~* for V in M/F* is complete. 


Proor. The statement (ii) is obviously equivalent to the fact that 
1 is the only F(M)-automorphism of K, and that this fact is equiva- 
lent to (i) is readily deduced from the Galois theory. 

The group G has been termed" C-complete if 1 is the only element 
in G which is mapped upon 1 by every C-character of G. The follow- 
ing statement is an immediate consequence of Theorem 2. 


Coro_iary 1. The group G is C-complete if, and only if, K may be 
obtained by adjoining to F mth roots of elements in F. 


The C-characters of G which have the form e!-* for suitable e in 
the group E have been termed principal C-characters of G, and the 
group of principal C-characters is called the principal genus. A com- 
plete group of C-characters of G is said to be strictly complete if it 
contains the principal genus. 


COROLLARY 2. If M is a multiplicative group between F* and Km, 
then the following two conditions are necessary and sufficient for the group 
of C-characters of the form V'-* with V in M/F* to be strictly complete: 

(a) K=F(M); 

(b) M is the set of all the elements in K whose mth powers are in the 
subgroup M™ of F*. 


Proor. It is readily seen that condition (b) is equivalent to the 
inequality E < M, and hence (b) is true if, and only if, the group of 
C-characters of the form V!~* for V in M/F* contains the principal 
genus. Thus Corollary 2 is an immediate consequence of Theorem 2. 

The importance of Corollary 2 stems from the comparative rarity 
of strictly complete groups of C-characters which are different from 
the group of all the C-characters.™ 

If M is a group between F* and Kn, then M™ is a group between 
F*" and K™C F*. However, the groups M/F* and M”/F*” need not 
be isomorphic, since the homomorphism x—x” maps upon 1 all the 
mth roots of unity in M, and these need not be in F*. 


10 Baer [2] introduction to chapter IV. 
4 Baer [2] 1.3. 

12 Baer [2] introduction to chapter IV. 
8 Baer [2] Corollary IV.4.2. 
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In an investigation of extensions by mth roots it is clearly no loss 
of generality to assume that m has been chosen as small as possible. 
Then the positive integer m has been determined in such a way that 
K=F(K,,), though F(K,,-) <K for every proper divisor m’ of m, and 
this signifies in group-theoretical language that m is the maximum 
order of the elements in the multiplicative abelian group K,,/F*. If 
we use the notation m=[],p"™, where the product ranges over all 
the prime numbers ~ and where almost all the exponents m(p)vanish, 
then the maximum order of the elements in K,,/ F* is m if, and only if, 
K,,/F* contains elements of order p™) for every p, since the orders 
of the elements in K,,/F* are clearly divisors of m. 


THEOREM 3. The following conditions are necessary and sufficient for 
m to be the maximum order of the elements in K,,/F*: 

(a) K contains m distinct mth roots of unity, so that m is the order 
of E. 

(b) If 0<m(p), and tf a pth root of unity different from 1 is contained 
in F, then K™ is not part of F*” 


Proor. If condition (a) were not satisfied by K, then the order m’ 
of E would be a proper divisor of m; and if w is an element in K,,, g an 
F-automorphism of K, then (w!-*)"’=1, since w!* belongs to E, 
proving that w”’ =(w”’)* for every F-automorphism g of K, and that 
therefore every w”’, for win Km, is in F*. Hence the maximum order 
of the elements in K,,/F* is a divisor of the proper divisor m’ of m, 
proving the necessity of (a). 

To prove the necessity of (b) we assume that (b) does not hold 
for some particular prime p. Then 0<m(p), F contains p distinct pth 
roots of unity (so that every pth root of unity is in F) and KZCF*; 
and we are going to show that K,,/F* does not contain elements of 
order p””). Suppose namely that b is an element in K such that 
b>" is in F*. Then there exists an integer r, prime to p, such that 
rmp—™?) =1 modulo p”, since mp—™) is itself prime to p. Hence 
b=br™e"™ modulo F*, and there exists therefore an element f in F* 
such that Since is in F*, it is in 
and therefore in F*’. Thus there exists an element c in F* such that 
c?=b™. If we put d=cf?"”™, then d is an element in F* and 
= = 1. Hence is a pth root 
of unity and as such is contained in F*, proving finally that be" —* — ed 
is an element in F*. This completes the proof of the necessity of con- 
dition (b). 

Suppose conversely that the conditions (a) and (b) are satisfied 
by K. If p is any prime number such that m(p) =0, then it is obvious 
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that K,,/F* contains elements of order p””) (=1). If 0<m(p), and 
if F* does not contain any pth roots of unity different from 1, then 
we infer from (a) that K contains a primitive p”™ th root of unity e; 
and it is obvious that the order of e modulo F* is exactly p™, prov- 
ing again the existence of an element of order p” in K,,/F*. If 
finally 0<m/(p), though F* contains pth roots of unity different from 
1, then we infer from condition (b) the existence of an element 6 
in K™, which is not contained in F*’. It is clear that 6 is an ele- 
ment in F* and that there exists an element c in K satisfying 


bach = (rp, Since 6 is not in F*’, it is impossible that 
cP” belongs to F*, though co” is in F*, and this shows that 


c is an element in K whose order modulo F* is exactly p”™. Thus we 
have shown that K,,/F* contains elements of order p”™ for every p, 
and that consequently the maximum order of the elements in K,,/ F* 
is exactly m, as was to be proved. 

REMARKS. 1. If K=F(K,,), then condition (a) may be seen readily 
to be equivalent to the following condition: 

(a’) K ts obtained by adjoining to F all the mth roots of the elements 
in the subgroup Ky, of F*. 

On the basis of Theorem 3 we may restrict ourselves without loss 
of generality to the consideration of extensions K of F which meet the 
requirement (a’). 

2. Since the second root of unity —1 is always contained in F, it 
follows from 0<m/(2) that the characteristic of F is different from 2, 
and that therefore condition (b) implies K;,¢ F*?. 

3. Suppose that 0<m(p). It is well known that an automorphism 
of a cyclic group of order p”) possesses fixed elements different from 
1 if, and only if, the order of the automorphism under consideration is 
a power of ¢. We note furthermore that a pth root of unity different 
from 1 is contained in F if, and only if, it is contained in K and is 
left invariant by every F-automorphism of K. Thus it follows that the 
condition (b) is equivalent to the following condition (b’), provided 
(a) is satisfied by K. 

(b’) If 0<m/(p), and tf the group of automorphisms induced by 
F-automorphisms of K in the group of the p" th roots of unity in K ts 
of order a power of p, then Ke F*’. 

For a further analysis it will be necessary to translate the funda- 
mental concepts of the theory of crossed characters into concepts 
from the theory of extensions of fields. We denote by E(p) the group 
of the p”)th roots of unity in K so that E is the direct product of 
its cyclic subgroups E(p); we note that condition (a) of Theorem 3 
is equivalent to the assertion that E(p) is of order p” for every p. 
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As we denoted by C the homomorphism mapping the F-automor- 
phism g of K upon the automorphism g of E which it induces in E, 
so we denote by Cp the homomorphism of G which maps g in G upon 
the automorphism g which it induces in E(p). The groups Ge and Ge, 
consist of all those elements in G which induce in E and E(p) respec- 
tively the identity automorphism, and we find that Ge is the group of 
F(E)-automorphisms of K, and that Gc, is the group of F(E(p))- 
automorphisms of K. The subgroup H(p) of G has been defined" as 
the group of all those elements in G which are mapped upon 1 by 
every Cp-character of G, and it is an immediate consequence of Theo- 
rem 1 that H(p) is the group of all the F(K,«0~)-automorphisms of K. 


THEOREM 4. There exists one and only one multiplicative group S be- 
tween F*" and F* such that K may be obtained by adjoining all the mth 
roots of elements in S to F if, and only if, the following conditions are 
satisfied by K: 

(i) K contains m distinct mth roots of unity, and K = F(K,,). 

(ii) If the element g in Gc, is of order p modulo H(p), then it ts con- 
tained in H(p)Gce. 

(iii) If 1<m(2), and if there exists an F-automorphism of K which 
maps every element in E(2) upon its inverse, then G/(H(2)Geq) is not 
commutative. 


Proor. It is readily verified that condition (i) is necessary and 
sufficient for the existence of at least one group S between F*” and F* 
such that K may be obtained by adjoining all the mth roots of ele- 
ments in S to F (take S=K7). If (i) is satisfied, then there exists one 
and only one group S with the required property if, and only if, K,, is 
the only group T between F* and K,, such that K= F(T) and ECT. 
It is an immediate consequence of Theorem 2 and of Corollary 2 to 
Theorem 2 that K,, is the only group T between F*E and K,, satisfy- 
ing K=F(T) if, and only if, the group of all the C-characters of G 
is the only strictly complete group of C-characters of G; and that this 
later property is equivalent to conditions (ii) and (iii) is an immediate 
consequence of Baer [2], Corollary IV.4.2. 

On account of the considerations centered around Theorem 3 we 
define: the field K is an m-extension of its subfield F if (1) K is finite, 
normal, separable over F; (2) K contains m distinct mth roots of unity; 
(3) K=F(K,,). We note that (2) implies in particular that the char- 
acteristic of K is either 0 or prime to m. 

If K is an m-extension of F, then K may be obtained by adjoining 
to F all the mth roots of elements in the multiplicative group Ky be- 


“4 Baer [2] 1.3; for a more detailed analysis of H(p), cp. Baer [2] 111 2. 
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tween F*" and F*; and it is obvious that K is-uniquely determined, 
up to equivalence, by m and Kz. 


THEOREM 5. If S is a multiplicative group between F*” and F*, then 
the following conditions are necessary and sufficient for obtaining an 
m-extension of F by adjoining to F all® the mth roots of elements in S. 

(i) The characteristic of F is either 0 or prime to m. 

(ii) S/F*" is a finite group. 


Proor. The necessity of (i) has been pointed out before. To show 
the necessity of (ii), we consider an m-extension K of F which may be 
generated by adjoining the mth roots of elements in S to F. Then 
K=F(K,) and F*°CSCK™CF*. It is a consequence of the finite- 
ness of K over F and of Theorem 1 that K,,/F* is a finite group. 
A homomorphism of K,,/F* upon K*/F*” is effected by mapping the 
element x in K,, upon the element x” in Ky, proving the finiteness of 
K*/F*", and this implies the necessity of condition (ii). 

The sufficiency of the conditions (i) and (ii) is readily verified. 

Our theory would be complete if we could prove that different 
groups S between F*” and F*, meeting the above requirements (i), 
(ii), lead to essentially different m-extensions. This, however, cannot 
be expected, as may be seen from Theorem 4. 

We are now going to impose two conditions upon the Galois group 
of the equation x™—1=0 in the field F. This equation is supposed to 
be separable, a property that may be expressed in two equivalent 
ways by saying either that the characteristic of F, if not 0, should be 
prime to m, or that the equation has m distinct roots in a suitable 
extension of F. Properties of the Galois group of x—1=0 are best 
described by using some finite, normal, and separable extension of F 
which contains m distinct mth roots of unity, as the Galois group of 
the equation is independent of the particular choice of this extension. 
Thus we denote by E the group of the m distinct mth roots of unity 
contained in some finite, normal, separable extension H of F (for ex- 
ample, H=F(E£)), and by E(p) the subgroup of E consisting of the 
p™)th roots of unity. Now we may state our two requirements, as 
follows: 

(A) If 1<m(2), then none of the automorphisms of the group E, con- 
tained in the Galois group of x™—1=0 over F, maps every element in 
E(2) upon its inverse. 

(B) If the automorphisms of the Galois group of x™—1=0 over F 
induce in E(p) a group of order a power of p, and if E(p) #1, then 


5 This is best understood by restricting one’s attention to subfields of some fixed 
algebraically closed extension of the field F. 
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the order of every automorphism in the Galois group of x™—1=0 over F 
which leaves the elements in E(p) invariant is prime to p. 

It should be noted that condition (A) concerns only the Galois 
group of x?" —1=0 over F, whereas (B) may be restated without 
reference to the groups E, E(p) as follows: 

(B’) If the Galois group of x?" _1=0 over F is of order a power 
of p, and if 0<m(p), then the modulo x?” _ 1 =0 reduced Galois group 
of x™—1=0 over F is of an order prime to p. 

Witt in his theory of abelian extensions'* had to require that m 
distinct mth roots of unity are contained in F. If we substitute for 
this condition the above properties (A), (B), then we obtain an ex- 
tension of Witt’s theory which comprises certain classes of m-exten- 
sions, as may be seen from the next theorem together with our re- 
marks in connection with Theorem 5. 


THEOREM 6. If conditions (A) and (B) are satisfied by the field F 
and the integer m (which is prime to the characteristic of F in case the 
characteristic of F should be different from 0), if S and T are multi- 
plicative groups between F*” and F*, and if S/F*" and T/F*” are both 
finite groups, then the following two properties imply each other: 

(i) S=T. 

(ii) The extensions of F which are obtained by adjvining to F all the 
mth roots of elements in S and in T respectively are equivalent. 


Proor. It has been pointed out before that (ii) is a consequence of 
(i). If conversely (ii) is satisfied by S and T, then there exists a finite, 
normal, separable extension K of F such that K = F(S’) = F(T’) where 
X’ (for X =S or T) is the group of all the elements in K whose mth 
powers are in X and X’ consists of all the mth roots of elements in X. 
Clearly X is a group between F* and K,, which contains m distinct 
mth roots of unity. It is a consequence of Theorem 2 and of Corol- 
lary 2 that X’/F* is (essentially) a strictly complete group of C-char- 
acters of G. It is a consequence of conditions (A), (B) and of Baer [2], 
Theorem IV.1.1, that the only strictly complete group of C-characters 
of G is the group of all the C-characters of G. But it follows from Theo- 
rem 1 that this latter group is essentially the same as K,,/F*, proving 
that X’=K,,. Thus we have shown that S’=T’=K,,, and this im- 
plies clearly S=T. 

RemaRk. If m is in particular an odd prime power, then conditions 
(A) and (B) are satisfied by F and m; if m is a power of 2, then (B) is 
satisfied by F and m, and (A) would be satisfied. for example, if F 


6 Witt [1]. 
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contained all the fourth roots of unity. In these cases the above theo- 
rem may be applied without reservation. 

In case condition (B) is not satisfied by F and m, we have to analyze 
the situation still further in order to obtain an extension of Theo- 
rem 6. 

If K is an m-extension of F, then K = F(K,,), and the multiplicative 
group K,, is the product of the multiplicative groups K,= consisting 
of all the elements in K whose p™”th power is in F*. Clearly K is 
the composite of its uniquely determined subfields F(K,») =K’, 
and it is readily verified that K® is a p™)-extension of F. It has 
been remarked just now that condition (B) is satisfied by F and p”™; 
and thus Theorem 6 may be applied upon K“, provided (A) is satis- 
fied by F and 2”, Furthermore it should be remarked that a com- 
posite of p”‘?)-extensions of F is an m-extension of F. Combining these 
remarks with Theorem 5 we obtain the following result. 


THEOREM 7. Suppose that the characteristic of the field F is either 0 
or prime to the integer m. 

(a) The field K is an m-extension of the field F if, and only if, there 
exists, for every prime pia multiplicative group S, between F*?"” and 
F* such that S,/ Fe" is finite, and such that K is obtained by adjoin- 
ing to F all the p™” th roots of the elements in S,. 

(b) If condition (A) ts satisfied by F and m, if S, and T, are, for 
every p, multiplicative groups between Ft"? and F* such that both 
S,/F*"” and T,/F*?" are finite, then the following two properties 
are equivalent: 

(b, i) S,=T, for every prime p. 

(b, ii) The m-extensions of F which are determined by the S, and by 
the T, respectively through statement (a) are equivalent extensions of F. 


If, however, condition (A) fails to hold, then we have to fall back 
upon Theorem 4. 
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A NOTE ON DIFFERENTIAL POLYNOMIALS 
A. P. HILLMAN 


The following theorem indicates to what extent the expression of 
a differential polynomial! G as an element of the differential ideal 
determined by F is unique. 


THEOREM I. Let F¥0, Co, Ci, -- +, C, be differential polynomials in 
the unknowns y1,°--, Yn with coefficients in an abstract differential 
field F. Let F® be the ith derivative of F and let 


(1) CoOF + CiF’ +C,F 
be identically zero. Then each C; is in the perfect ideal generated by F.? 


We need merely show that any solution y;=9; (j=1,---, m), in 
any extension 7; of 7, of the form F is a solution of each C;.* Since 
this is true if F has no solutions, we may assume that F effectively 
involves the unknowns. Make the substitution y;=2;+4,; in (1). Let 
A consist of the terms of F of lowest degree in the z; and their deriva- 
tives. Collecting terms of the same degree, we see that 


(2) = 0, 


where C;(#) is the element of 7, obtained by substituting y;= 4; 
(j=1,---, m) in C;. Let A be of order p20 in some % which it 
effectively involves, let 24, be the mth derivative of z;, and let S be 
the partial derivative of A with respect to 2;,». For 7>0, A® can 
be written as Szi,,4:+B;i, where B; is some form of order less than 
p+i in 2,. Now (2) becomes 


(3) C.(9) + D = 0 


where D has order less than p+s in z. Hence C,(#)=0. In turn 
C.-1, -- +, Co must vanish for y;= 4; as desired. 

Using the ideas of the above proof together with a uniqueness 
result of J. F. Ritt,4 one can very easily prove the following generaliza- 
tion. 


Received by the editors January 4, 1943. 

1 For definitions of differential fields, polynomials, and ideals, see H. W. Rauden- 
bush, Ann. of Math. (2) vol. 34 (1933) pp. 509-517. 

2 For a result analogous to Theorem I for ordinary polynomials, see Satz 1 of 
E. Lasker, Zur Theorie der Moduln und Ideale, Math. Ann. vol. 60 (1905) pp. 20-116. 

3H. W. Raudenbush, Trans. Amer. Math. Soc. vol. 36 (1934) pp. 361-368. 

4 On singular solutions: ++ , Ann. of Math. vol. 37 (1936) pp. 552-617, §§1-3. 
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THEOREM II. Let C,Pi+ --- +0C,P, be identically zero, where the 
P; are distinct power products each of degree d>O in a nonzero F and 
its derivatives. Then each C; is in the perfect ideal generated by F. 


New York City 


ON THE NON-EXISTENCE OF ODD PERFECT NUMBERS OF 
FORM 


ALFRED BRAUER! 


One of the oldest unsolved mathematical problems is the following 
one: Are there odd perfect numbers?? If such a number n exists, it 
must have the form 


28, 282 


m=pqiqz 


where ~, q1, 92, °* *» Qe are primes and p=a=1 (mod 4). This has 
been proved by Euler.* Sylvester* obtained estimates for ¢, in particu- 
lar t24, and t27 if 240 (mod 3). Recently, it was shown by 
R. Steuerwald® that the case 6:1=$2= - - - =8,=1 is impossible, and 
by H. J. Kanold® that the same is true for -- - =B,=2. More- 
over Kanold proved that m is not perfect if the greatest common 
divisor d of 28:+1, 282+1, - - - , 28,+1 is divisible by 9, 15, 21, or 33, 
and some similar results. All these results deal with the case d>1. 
In the following, it will be proved that no odd perfect number 1 of 
form p"g7@ - - - G-19% exists. Here we have d=1. For the proof I use 


Presented to the Society, April 24, 1943; received by the editors March 1, 1943. 

1 The relation of the results of this paper to another paper by H. J. Kanold, 
Verscharfung einer notwendigen Bedingung fiir die Existenz einer ungeraden voll- 
kommenen Zahl, J. Reine Angew. Math. vol. 184 (1942) pp. 116-124, will be consid- 
ered in an addendum to be published in the December Bulletin. 

2 For the history of the problem see Dickson, History of the theory of numbers, 
vol. 1, 1919, pp. 1-33. 

3 Commentationes crithmeticae collectae, vol. 2, Tractatus de numerorum doctrina 
1849, p. 514; Opera postuma, vol. 1, 1862, pp. 14-15. 

* Sur V'impossibilité de V’existence d’un nombre parfait impair qui ne contient pas 
au moins 5 diviseurs premiers distincts, C. R. Acad. Sci. Paris vol. 106 (1888) pp. 
522-526; Collected mathematical papers, vol. 4, 1912, pp. 611-614. Sur une classe spé- 
ciale des diviseurs de la somme d’une série géométrique, C. R. Acad. Sci. Paris vol. 106 
(1888) pp. 446-450; Collected mathematical papers, vol. 4, 1912, pp. 607-610. 

5 Verschirfung einer notwendigen Bedingung fiir die Existenz einer ungeraden voll- 
kommenen Zahl, Sitzungsberichte der mathematisch-naturwissenschaftlichen Abtei- 
lung der Bayerischen Akademie der Wissenschaften zu Miinchen, 1937, pp. 68-72. 

6 Untersuchungen iiber ungerade vollkommene Zahlen, J. Reine Angew. Math. vol. 
183 (1941) pp. 98-109. 
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theorems of T. Nagell on Diophantine equations. With the same 
method similar results may be obtained. 


Lemma 1. Let q be a positive prime. The Diophantine equation 


has no solution for m>1. 


ProorF. T. Nagell’ has proved the following theorem: If m>1 is not 
a power of 3, then the Diophantine equation x?+-x+1=-y™ has no solu- 
tions in integers x, y with y¥ +1. In order to obtain all the solutions 
of 


(1) 

it is sufficient to solve the cubic Diophantine equation 
(2) a? — + = 1 

and to set 


(3) x= a? — + 6*—1 and = — a* + 30% — 5%. 


It follows from the Theorem of Thue-Siegel that (2) has only a 
finite number of solutions. Nagell gives the solutions 


(4) a=1, b=0; a=0, b=1; a=b=—1; a=2, b=—1; a=1, b=3. 


But it is unknown whether there are other solutions in integers a, b. 
Since the discriminant of (2) is positive, we can not apply the general 
theorems of Delaunay and Nagell for cubic Diophantine equations. 
It follows from (3) and (4) that (1) has at least the following solutions: 
x=0, y=1;x=—-1, y=1; x=18, y=7; x= —19, y=7. 

By Nagell’s theorem we have only to consider the case m= 3+ for 
the proof of our lemma. But we do not need the complete solution of 
(1); it is sufficient to prove that this equation ‘has no solution where 
x=q is a positive prime. 

For g=3 we have g’+g+1=13. This is no cube. If g=1 (mod 3), 
then 


(5) g+q+1=0 (mod 3), 
but 
(6) g+q+1# 0 (mod 3?) 


7 Des équations indéterminées x*+-x+1=y" et x?+x+1=3y", Norsk Matematisk 
Forenings, Skrifter (1) no. 2 (1921). Cf. L’anulyse indéterminée de degré supérieure, 
Mémorial des Sciences Mathématiques, vol. 39 (1929), p. 58. 
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since it is well known that the prime divisors of the pth cyclotomic 
polynomial f,(x), where p is a prime, are the primes of form ph+1 
and ? itself; but f,(x) is not divisible by p? for any integer x. It follows 
from (5) and (6) that g?+q+1 is not a cube for g=1 (mod 3). 

Now, let g be a prime of form 3442. Since y?+y+1<~y? for y2=2, 
it follows from g?+q+1=y* that g>y. Moreover we have g(g+1) 
=(y—1)(y?+y-+1). Since g is a prime and greater than y, it follows 
that y—1 is relatively prime to g. Hence g is a divisor of y?+y+1. 
This gives a contradiction because y?+y+1 has no prime divisor of 
form 34+-2. 


LEMMA 2. Let r and s be different positive integers and p be a prime. 
The system of simultaneous Diophantine equations x?+x+1=3p", 
y?+y+1=3>", has no solutions in positive integers x, y. 


Proor. Nagell* has proved that the Diophantine equation x?+x+1 
=3z* (k>2) has no solution with z>1. Hence we have only to con- 
sider the case r=1, s=2. Then we have 


(7) y+yt1 = 39% 


If these equations have a solution in positive integers, then it follows 
from (7) that 


(8) O0O<x<p<y<2p 
and, on the other hand, that 

(2x + 1)? 

2x+1 


— 3 = (2y + 1)? (mod 9), 
+ (2y + 1) (mod p) 


since p is a prime, hence either 


(9) « = y (mod p) 
or 
(10) x = — y— 1 (mod 

In the first case, it follows from (8) and (9) that 
(11) 
and in the second case, from (8) and (10) that 
(12) y=2p-—2-1. 


On the other hand, it follows from (7) that p¥3 and that x=y=1 


8 Loc. cit. 


Aa 


1943] ON THE NON-EXISTENCE OF ODD PERFECT NUMBERS 715 


(mod 3). This contradicts (11) and (12). 
Now we are able to prove our theorem. 


THEOREM. An odd number of form n=p"qiqz is not perfect. 
Proor. We change the notation and write m in the following form 


a22 222 24 
nm = p TiS (k = 0,12 0) 
where the primes g, are congruent to 1 (mod 3) and where the primes 


r, are incongruent to 1 (mod 3). Let us assume that is perfect, then 
we have 


2n = o(n) = - - - o(r:)o(s'), 
where o(m) denotes the sum of the divisors of n. It follows that 


a22 24 
2n = 2p TiS 
(3) | 
a. 2. 2. 2 
A=1 
Each factor 1+9,+¢ is divisible by 3, but not by 9; each factor 
1+7,+7; is not divisible by 3. All the other prime divisors of 


k 1 


c=1 A=1 


have the form 3h+1. We have now to distinguish between some cases. 

I. »40 (mod 3). Here we have k=0. Since 2 is not divisible by 3, 
it follows from Sylvester’s theorem mentioned above that m must con- 
tain at least 8 different primes; hence 26. Moreover we obtain from 
(13) that [[}-1(1+1,+7) is a divisor of p*s‘. It may happen that one 
of the / factors of this product equals p, but each of the /—1 remaining 
factors cannot be a power of p by Lemma 1. Hence each of these /—1 
factors must be divisible by s, and their product must be divisible 
by s®. This gives a contradiction. 

II. n=0 (mod 3), 240 (mod 27). Here kS<2. One of the primes ry, 
say 71, equals 3 since p=3 is not possible. It follows that m is divisible 
exactly by 32, and hence by o(3?) =13, because of (13). Therefore we 
have either 13=p, 13=q, or 13=s. 

Ila. p=13. Since a+1 is even, o(p*) =(p**#!—1)/(p—1) is divis- 
ible by +1. Hence » must be divisible by 7, and it follows that either 
one of the primes q,, say g1=7, or s=7. 


— 
= 
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Ilaw. g:=7. m must be divisible by o(g;) =57, therefore by 19, and 
we have either g.=19 or s=19. 

Ilaal. g2=19. is divisible by o(g3)=381, hence by 127. Since 
127=1 (mod 3) and kS2, we have 127=s. Thus 


= 13-3 -7-19 -127 
a(n) 013°) -13-57-381-0(127')o(r2) o(r1) 
an 2-13¢-9-49-361- 1274-72.» - 7? 


(14) 


Since the prime divisors of (127) have the form 54+1, they are 
different from 7, 13, 19, and 127. It follows now from (14) that they 
are of form 3h+2, hence of form 154+-11. Since 


o(1274) =1+7+4+ 13+ 1 = 11 (mod 15), 


the number of prime divisors of ¢(127*) must be odd if ” should be 
perfect. 

Let us first assume that o(127*) is a prime. Then we have o(127*) 
=7), 


= 1414 177410. 4 
+ 187 + + +1277’. 


Setting o(r3) =A it follows from (14) that A can have only the prime 
divisors 7, 13, 19, and 127. But, by (15), 


A #0 (mod 7), A#0(mod19), A #0 (mod 127). 


Since A >13, it follows that A is a power of 13. This contradicts 
Lemma 1. 

Let us assume now that o(127‘) is composite. Since the number of 
its prime divisors would be odd, there would be at least 3 factors 7, 
and at least one of them, say r2, must be less than {o(1274) bus But 


(15) 


{o(1274)} < {1273(127 + 1+ .01)}1/3 < 641, 


therefore rz would be one of the following primes of forra 154+-11: 
11, 41, 71, 101, 131, 191, 251, 281, 311, 401, 431, 461, 491, 521. Since 
o(r2) 7, 13, 19, 127, it must be divisible by at least two of these 
primes, by Lemma 1. But f(x) =1+x+x?=0 (mod 7) for x=2, 4; 
f(x) =0 (mod 13) for x=3, 9; f(x) =0 (mod 19) for x=7, 11. Hence 


= 
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it is easy to see that o(r}) is relatively prime to 7-13-19 for r2=41, 71, 
101, 131, 251, 281, 461, 491, 521. For r2=401 and 431 we have 
(o(r2), 13-19) =1 and o(r3) 40 (mod 127). For the remaining primes 
11 and 191 we have o(1274) 40 (mod 11) and o(127*) #0 (mod 191). 
This is impossible since rz was a divisor of ¢(127‘). 

IIaa2. s=19. Since (1%) is divisible by 151, we have g.=151, and 
since ¢(151?) = 22953 =3-7-1093, we have g3;=1093. This contradicts 
ks2. 

s=7. Since o(74)=2801 is a prime and since (28017) 
= 37-43-4933, it follows that q:.=37, g.=43, gs=4933. This is im- 
possible. 

IIb. qi:=13. Since =3-61, we have either p, g2 or s=61. 

IIba. p=61. Here m is divisible by (p+1)/2, hence either 
or s=31. 

IIba1. gz=31. Since o(g3)=3-331 and kS2, we have s=331. 
Therefore n is divisible by o(331*), hence by 5, and m has the form 


(16) n = 61%-3?-13?-31?-5?-3314- M2. 
Since o(p*)/p* = (p*+ p*-!)/p*=(p+1)/d, it follows from (16) that 
o(n)/2n > (62-13-183-993-31)/(2-61-9-13?-312-25) = 331/325 > 1. 


This is impossible. 

IIba2. s=31. o(31*)=0 (mod 11) and o(11?)=7-19. Hence g2:=7 
and g;=19. This contradicts k $2. 

IIbB. gz=61. Since o(617)=3-13-97, we have either p=97 or 
s=97. If p=97, then 7 is divisible by ()+1)/2=7?, therefore s=7 
since g:=13, g.=61, and k $2. But it was proved in IIa8 that s=7 
is impossible. For s=97 the proof is the same as in IIba2 since 
97 =31 (mod 11). 

IIby. s=61. o(61*‘) is divisible by 5 and by 131. Therefore 72=131, 
and either p=5 or r3=5. If p=5, then o(p*) contains the factor 
p+1=6. Thus o(m) can contain only one other factor 3, hence k= 1. 
Since o(1312) 40 (mod 13) and o(131?2) 40 (mod 61), it is necessary 
that o(1317) and m contain another prime factor of form 34+1. This 
is impossible. If r3=5, then is divisible by o(5?) =31, hence q=31, 
331. This contradicts k $2. 

IIc. s=13. Since o(13*) = 30941 is a prime, we have either p = 30941 
or 72 = 30941. But =30941 is impossible because must be divisible 
by (p+1)/2 and 30941=—1 (mod 27). Hence »=0 (mod 27); this 
contradicts k <2. Therefore r2= 30941, and 7 is divisible by (309417). 

Let us first assume that ¢(30941?) is a prime, then (30941?) =q 
since o(309412)=3 (mod 4). Now a(g;)=0 (mod 151), therefore 
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q@2:=151, and 2 is divisible by o(151?), hence by 7. This contradicts 
ks2. 

Let us now assume that (30941?) is composite. It is easy to see 
that all the prime factors of o(30941?) are greater than 151. Since 
these prime factors are congruent to 1 (mod 3), it follows that either 
qi>150 and g.>150, or g:>150 and p>150. 

In the first case we have k=2 and hence p#2 (mod 3), therefore 
p=1 (mod 12). Since (p+1)/2 is a divisor of m and since 19 cannot 
be a divisor of n, the case p=37 is impossible. It follows that p> 60. 

In the latter case we have g2:>60 if k=2, because otherwise o(q3) 
is divisible by one of the primes 19, 127, 331, 7, or 631; this is im- 
possible since these primes are not divisors of ¢(30941*). Hence, if 
k=2, two of the primes-q:, g2, p are greater than 150 and the third is 
greater than 60. The product 


2 I 2 
P= o(r) 
A=1 
must be a divisor of 9p*gjq:s*. Each factor o(@) is divisible by 3. But 
only one of them may have the form 3p‘ by Lemma 2. Therefore at 
least one of the 8 prime factors of gigzs* is a divisor of o(g2)o(@); 
hence only 7 of these factors may be divisors of the product 
a(r?)o(r2) - - - o(7?). It may happen that one of these / factors equals p; 
each of the others is not a power of », by Lemma 1, and contains, 
therefore, at least one of the remaining 7 prime factors of gq@3s‘. It 
follows that / <8. 
We have m1=3; r2= 30941. The primes 7, are different from 5, 11, 
23, 47, 53, 83, since g:>60 and g.>60. Therefore 73217, r4=29. 
75241, 77271, and 


o(1512)-151-61-13- 30941 -0(172) -o(292)-41-59-71-89-30941 
2n 2-1512-150-60-9-13*-172-292-40-58-70-88- 30940 


This is not possible. For k =1, it follows similarly that ]<7, and the 
proof is the same. 

III. s=3. Here we have kS4. Since m must be divisible by 
o(3*) =121, it follows successively that m is divisible by 7, 19, 127, 
5419, and 31. These five primes are congruent to 1 (mod 3) and 
congruent to 3 (mod 4). Hence k25; this is impossible. Herewith 
our theorem is proved for each case. 
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TWO NOTES ON MEASURE THEORY 
EDWIN HEWITT: 


I. In a recent paper [1],! Saks has indicated a construction 
whereby a Carathéodory outer measure can be produced on any 
compact metric space M, provided that a certain linear functional 
® is defined on the set © of all continuous real-valued functions 
whose domain is M. The functional ® is required to be non-negative 
for non-negative functions, and to have the property that if the se- 
quence {f,} has the uniform limit 0, then the sequence ®(f,) is a 
null-sequence. (The measure itself can be defined without this last 
property.) The purpose of this note is to show that such a linear 
functional always exists, in a non-trivial form, specifically, so that 
#(1) =1. 

We consider the set © as a linear space, and together with € the 
linear space 8 CG, where & consists of all constant functions. On the 
entire space ©, we define a functional p(f) =sup.em f(x). This least 
upper bound always exists, since M, being a compact metric space, 
is a bicompact space, on which every continuous real-valued function 
is bounded. It is easy to verify that p(f+g) Sp(f)+(g), for all 
f, gEG, and that p(t) =tp(f) whenever ¢ is a non-negative real num- 
ber. We define a linear functional ® on the subspace & as follows: 
@(f)=f(x) for an arbitrary xCM. It is clear that ®(f)=p(f) for 
fES and that @ is linear on &. By virtue of the celebrated theorem 
of Hahn-Banach, it appears that ® can be extended linearly to all 
of € in such a fashion that ®(f) <p(f) for all fE€. We further ob- 
serve that ® may be taken non-negative for non-negative functions. 
For, if ® has been defined by the Hahn-Banach construction for 
all fEB, where RCBCE, and if ge C—B and gZ=0, then the 
number a=infsew (p(f+g)—(f)) is an upper bound to possible 
values for ®(g). a, however, is plainly non-negative, so that ®(g) 
may always be taken non-negative. Suppose now that the sequence 
of functions {f,} has the uniform limit 0. The function e—f, is non- 
negative for all 2 > N(e), N(e€) being some natural number dependent 
upon the arbitrary positive number e. Accordingly, ®(e—f,) = ®(€) 
— B(f,) =e (1) — O(f,) =e— O(f,) 20. Likewise, it is easy to show 
that e+ ®(f,) 20 for all sufficiently large . It follows at once that 
lim,.. P(f,) =0. It is proved in Saks [1] that the functional ® can 


Received by the editors January 7, 1943. 
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raphy at the end of the paper. 


719 


720 EDWIN HEWITT [October 


be used to define a Carathéodory outer measure under which every 
Borel set is measurable. 


II. The present note has as its object the proof of the following 
result. 


THEOREM. If E is any infinite set, there exists a non-negative real- 
valued function T defined on all subsets of E such that: 


(1) T(AUB) ST(A)+T(B); 

(2) T(A) ST(B) of ACB; 

(3) (An) tf VAm=0 for men; 

(4) T(£)=1; 

(5) T(0)=0; 

(6) the function T assumes an infinite number of different values; 

(7) T({p})=0 for all points pCE except for those in a countable 
subset of E. 


Since Ulam has proved that a function enjoying properties (4) and 
(3) cannot vanish for all subsets containing exactly one point (where 
E has any of a wide class of cardinal numbers), it appears that the 
present theorem is the strongest result possible. 

The proof of this theorem depends upon a consideration of the 
family % of all bounded real-valued functions defined on the set E. 
As in the preceding note, it is easy to prove the existence of a linear 
functional ® defined on the family $ considered as a linear space. 
The construction, for our present purposes, will be considered in 
more detail. Let E be partitioned into No disjoint sets E,, E2, E3,---, 
E,, - ++, each having cardinal number equal to the cardinal number 
of E. Let w, be the characteristic function of the set E,. It is obvious 
that w,€% for every n. We shall first define the linear functional ® 
on the linear spaces $1, Bo, Bs,---, Ba, Obtained from &, the 
space of constant functions, by adjoining oy, we, w3,-+-+,@na,*** in 
succession and forming all possible linear combinations. As in the 
preceding note, we define p(f) as supzez f(x), and ®(f) as f(x) for 
fER, x being any point of E. By the Hahn-Banach construction, if 
@(f) is to be bounded by p(f), we must have, when we calculate 
a1 Shi, where a,:=supyee (—p(—f—w)— B(f)) and 
b,=infyee (p(f+ou.)— P(f)). It is easy to show that b;=1 and that 
a,=0. We may, then, in accordance with the Hahn-Banach construc- 
tion, take ®(w,) as 1/2. 

The numbers a2=supyes, (—p(—f—we)—P(f)) and b:=infseg, 
(p(f+we)—P(f)) are lower and upper bounds, respectively, for 
@(w2). dg may be computed as 0, and by, as it is easy to see, is equal 
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to 1/2. We may thus put ®(w,) =1/4. This process may be continued 
by finite induction; it is found that the function w, may be assigned 
the value 1/2* under the functional &. ® having been defined for 
the linear space generated by & and the sequence {w,}, the Hahn- 
Banach construction is carried out for the rest of 8 in any fashion 
consonant with the restrictions of that theorem, provided that 
@(f)=0 for non-negative functions f. We thus have a linear non- 
negative functional defined on all of the space %. 

The measure I'(A) for every subset A of E can now be defined: 
T'(A) = ®(w,), wa being the characteristic function of the set A. 
Properties (1)-(7) can now be established. It is plain that 
whence and consequently 
®(ways) S P(ws) + P(wz), which inequality establishes (1). It is also 
obvious that ACB implies that w4 Sws. From this, we infer prop- 
erty (2). 

We examine (3) in some detail. If A and B are disjoint sets, it 
follows that ways=Wat+ws, and consequently ®(ways) = P(wa) 
+ (wz), that is, the measure is additive for all subsets of E. We 
may thus state that all subsets of E are measurable in the sense of 
Carathéodory. It is easy to prove from this fact that if {A,} is any 
sequence of pairwise disjoint sets, then => The 
proof may be carried over word for word from a similar proof in 
Saks [2, chap. 2, §4, p. 44, Theorem 4.1]. 

Statements (4), (5), and (6) are immediate consequences of the 
definitions of ® and I. 

To prove that T' vanishes for all points except those in a countable 
subset, we assume the contrary. If an uncountable set T of points 
exist such that T({p})>0 fer every PCT, then there is some e>0 
with T({pa})>e, where ~,€T, and n=1, 2, 3,---. On account 
of property (3), we have {p.}) T({p.}) = co, Since 
{p,}), a contradiction is apparent. 
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ON CERTAIN PAIRS OF SURFACES IN ORDINARY SPACE 
BUCHIN SU 


1. Introduction. In a recent paper! Jesse Douglas has proposed and 
solved the following problem: To determine the form of the linear 
element of a surface in ordinary space upon which exists a family of 
© curves possessing two properties: (1) The angular excess of any 
triangle ABC formed by curves of the family 7 is proportional to the 
area of the triangle: 


(1) E=A+B+C-1r= kf, 


where k denotes a constant; (2) The curves of 7 are a linear system; 
that is, a point transformation exists which converts them into the 
straight lines of a plane. It is natural to inquire what class of surfaces 
we shall obtain if, instead of using property (2), we make the less 
specific demand that a point transformation exists which converts the 
curves of into the geodesics of another surface. Here we have found 
certain pairs of surfaces S and S, which furnish the complete solution 
of our generalized problem. According to whether the constant k is 
zero or not, the linear elements of S and S, take different types, 
whose derivation constitutes the purpose of the present paper. 


2. Conditions for the property € = ke4. As was shown by Douglas,? 
the necessary and sufficient conditions that every curve of a family 7 
upon a surface S should have the property €=ke4 can be expressed 
by the relation 


(2) ds/p = Pdu + Qdyv, 


where 1/p is the geodesic curvature of the curve and P, Q obey the 
condition 


(3) Qu — P, = (k — K)W. 


For the subsequent discussion it is convenient to consider both sur- 
faces S and S;, wherein the curves of ¥ upon S correspond to the 
geodesics of S;. Let (u, v) be general coordinates of the corresponding 
points on these surfaces, so that the first fundamental form of S is 


Received by the editors February 1, 1943. 
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(4) ds? = Edu? + 2Fdudv + Gdv’ 
and that of S; is 
(5) ds; = E,du’ + 2F ,dudv +Gido . 


According to the classical theorem of Tissot,’ there exists upon S 
one and, in general, only one orthogonal system of curves which corre- 
sponds to an orthogonal system upon S;. Suppose that these surfaces 
S and S; are referred to the orthogonal curves which correspond to 
each other; then we have 


(6) = Edu +Gav, 
(7) dsi.= E,du' + Gide’. 


In orthogonal coordinates (u, v), the geodesic curvature 1/p of any 
curve v=v(u) upon the surface S is given by* 


ds/p = (EG)-/*(E + — (1/2) EE, 

+ — + ((1/2)EG, — + (1/2)GG.0'*} du. 
Therefore, for a family 7, we have by (2): 
(9) = A + Bo’ + Cv’? + 


where 


(8) 


A = (1/2)E./G + (E/G)"*P, 
B = (1/2)E./E — G./G + (E/G)"0, 


C = E,/E — (1/2G./G + G/E)"P, 
D = — (1/2)G./E + G/E)""0, 

and 

(11) Qu — Py = (k — K)(EG)"" 


That is: the form (9) with additional condition (11) is characteristic of 
curves having the property E=kcA upon the surface S. 


3. Geodesic representation of the family 7. We now have to im- 
pose the further property on the family 7. 

Since the parametric curves on the surface S; form an orthogonal 
system, the differential equation of geodesics of S; is found to be’ 


3 Cf. G. Darboux, Lecons sur la théorie générale des surfaces, vol. 3, 1894, p. 47. 

4 Cf. W. Blaschke, Vorlesungen tiber Differentialgeometrie, 3d edition, 1930, p. 175. 
Write F=0, u’=1, u’’=0. 

5 Darboux, loc. cit., p. 49. 
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1 1 dF, 6G; 
=— —/G, — —/E,-—/G; 
2 ov 2 ou Ou 


OF, 1 0G; 1 
ov 2 ov 


In order that they should correspond to the curves of the family 7 
upon S, it is necessary and sufficient that the differential equations 
(9) and (12) be coincident with each other. This gives 


(12) 


G+(E/G)'2P = = /6 

1 

2 Ou Ou 

(13) 

1 0G G+G/B)""P = OF; E 1 0G, G 

ap 2 dv 

1 

G/E"0=— / 

\ 


From the first and the last of these equations we have the expressions 
for P and Q: 


1 
P = — G/E)"*,—/G, —/G 
2 ov ov 
(14) 
1 
2 Ou 


Substitution of these expressions in the remaining equations of (13) 
shows that the fundamental quantities E, G; Ei, G; are related by 


(1 

(15) dv GE, EG, dv 
(=- log G; 
du =@ GE, GE, Ou 


In interpreting these conditions, it is important to distinguish the 
case =1 from (E/G):(E,/G;) 41. If = 1, 


then we can put 


(16) pE, G; = pG, 


1943] ON CERTAIN PAIRS OF SURFACES IN ORDINARY SPACE 725 


where p #0, so that the surfaces S and S; are conformal. In this case 
the equations (15) are satisfied identically, while the equations (14) 
give 

log 


P = — 


an | 


Q 


Substituting these expressions in (11) we have 


Ov Ou 


+ 2(& — K)(EG)*? = 


(18) 


This condition can be interpreted geometrically as follows: by means 
of the formula of G. Frobenius for Gaussian curvature® we obtain 
for the surface S with linear element (6) 


1 
(19) (E./W) +— 


where W=(EG)"?, and similarly, for the surface S; with linear ele- 
ment (7) 


where (E;G;) 1/2, 
If the expressions of E, and G; given by (16) are substituted in the 
right-hand member of (20), then 


1 


| 108 12 108 P 


A reference to (18) and (19) gives immediately the relation 


(21) pK; = k, 


which is, of course, equivalent to (18). 
If k+0, then we have 


6 Blaschke, loc. cit., p. 117. 
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2 
(22) = (K,/k)(Exdu + G.dv), 


ds, = +Gés. 


Therefore the surface S, may be arbitrarily selected, the only restriction 
being that it is non-developable, and any surface S, necessarily conformal 
to S;, with the linear element 


(23) ds’ = (K,/k)ds; 


possesses the two stated properties, where K, is the Gaussian curvature 
of S, and k a constant different from zero. In particular when a surface 
of constant Gaussian curvature k is taken for S;, the corresponding 
surface S is applicable to S;. 

This result not only proves the existence but also furnishes a re- 
markable class of the surfaces under consideration. 

On the contrary, if k=0 in the relation (21), then K; must neces- 
sarily vanish, because p is by no means zero, so that the surface S; is 
developable. In this case, the surface S is arbitrary and 7 must be a 
conformal image of the ? straight lines of a plane. That no other 
family of curves upon a generic surface S can be linear and such that 
the sum of the angles in every triangle of curves in the family is two 
right angles has been proved analytically by E. Kasner’ and syntheti- 
cally by J. Douglas. 

We now consider the case where 


(24) (E/G):(E,/G,) ¥ 1. 


The partial differential equations (15) are easily integrated, and 
the result may be written in the form 


(25) (EG,)/GE)) = 1 E,U?, (GE;)/(EG;) = 1 + G,V?, 


where U denotes any function of u alone, and V any function of v 
alone. The assumption (24) shows that neither U nor V is zero. 
From (25) follows the relation 


(26) E,U*(G,V? + 2) = GiV*(2 — E,U?). 


It may happen that both members of (26) are zero. Since Ei, Gi, U, V 
are different from zero, we have in this case 


7 E. Kasner, A characteristic property of isothermal systems of curves, Math. Ann. 
vol. 59 (1904) pp. 352-354. 

® J. Douglas, A criterion for the conformal equivalence of a Riemann space to a 
Euclidean space, Trans. Amer. Math. Soc. vol. 27 (1925) pp. 299-306. 


L 
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(27) E, = 2U-?, G, = — 2V-?, 
so that 
(28) E/G = V?2/U?. 
The expressions (14) now become 
1 V dlogE 1 U dlogG 
(29) P=-—— =— — ——_- 
2U 2V ou 


Substituting them in (18) and remembering the formula (19) in addi- 
tion to the relation (28), we obtain 


(30) k= 0. 


That is, the sum of the angles in every triangle formed by three curves of 
the family F under consideration must be two right angles, and the linear 
elements of the surfaces S and S; are, after a suitable transformation 
of the type 


(31) i=¢(u), t=y¥(9), 
reducible to the form 


(32) = r(u, + dv), 


és, 


It remains for us to consider the case 


(33) (2 — E,U?)GiV? + 2) #0. 
Setting (26) in the form 
(34) (£,U*)/(2 — E,U*) = + 2) = 7, 
we obtain 
(35) E, = Gy = 2r(1 — 
and 
(36) (E/G)'? = (1 — r)(1 + 
The expressions (14) for P and Q may be written in the form 
(37) 2(U W dav 


log Gi = 
Vou W 


= 
= 
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Consequently, we have 
2V du\ ou 2U dv\ dv 


+ G./W) + 


namely, 
P, = —(U—logG, 
2V ou Ou 
(38) 
— — —|V— log — WK, 
2U av dv 


as may easily be seen on account of (19). By comparison of (38) with 
(11) it follows that 


(39) 2k(EG)!/2 = — bd log Gr) = log 
V ou Ou U av Ov 


In virtue of (35) we reach the relation: 


UV ou 1—r ov 1+7 


It is important to distinguish the case k=0 from k¥0. The latter 
case is of more interest; we find by means of (40) an additional rela- 
tion between E and G, namely, 


T T 
(41) (EG) (v=) log log 


Therefore the linear elements of S and S; are, from (35), (36) and 
(41), given by 


( 2 1 T T 
ds = — —|{ U—}) log +(v=) log 
2k Ou Ov 1+7 
1+ 7 —2_2 
42) } U du + va], 
2 


where 7 denotes an arbitrary function of x, ». 
If the parameters u, v are subjected to a suitable transformation 


= 
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of type (31), then the pair of surfaces Sand S; is characterized by the 
linear elements of a special form: 


1 hay T 1— 1+7 
{ds = —— og dy? >, 
(43) 2k Ov? 1+7) (i+7 —T 
2 2 2 
du + dv, 
T 


involving an arbitrary function 7 of u and ». 
If k=0, then (39) becomes, by applying a transformation of type 
(31), 
2 


(44) log +2 “log G; = 0. 


Therefore we obtain 
ds = Edu +Gar, 
where the quantities E and G are related by 
3? 3? 
(46) ——log (1 — (E/G)"?) + — log (G/E)"? — 1) = 0. 
Ov? Ou? 


Thus the problem of determining the form of linear elements of a 
pair of surfaces S and S,; with the stated properties is completely 
solved. 

It should be observed that the analogous problem for higher di- 
mensional spaces may be of some interest. We hope to consider it in 
a future paper. 


MEITAN, KwEIcuow, CHINA 


| 


SUBSERIES OF A CONVERGENT SERIES 
HARRY POLLARD 


In a recent paper J. D. Hill’ has discussed the mean-value of the 
subseries of any absolutely convergent series s =) un. Simplifying his 
method by use of the Rademacher functions, we obtain a mapping 
of the subseries into the interval 0 <x S1 by defining? 


— 1+ R,.(x) 


n=l 2 


(1) ¢(x) = 


Hill’s result states that if >| «| converges, then the mean-value is 
given by 


(2) f o(x)dx = s/2. 
0 


In the theorem below we point out the weakest condition on the 
series )_u, for which this result persists. 


Lemma. If (1) converges on a set of positive measure it converges al- 
most everywhere. 


Let D be the set of points on which (1) converges. Let x =aa203 - - - 
(in binary notation) be a point of D. If a finite number of the a; are 
changed then the new point still belongs to D, for by the definition 
of the Rademacher functions this operation changes only a finite 
number of the terms of the series (1). Then D is a “homogeneous” 
set not of measure 0; hence it must be of measure 1. 


THEOREM. A necessary and sufficient condition that the series (1) con- 
verge on a set of positive measure is that the two series ) un, and ).u2 
converge. Then (1) converges almost everywhere and (2) is valid. 


(i) Suppose that (1) converges on a set of positive measure. Then 
it must, by the lemma, converge almost everywhere. Then there exist 


Presented to the Society, April 3, 1943; received by the editors February 15, 1943. 
I am indebted to Dr. R. Salem for helpful suggestions. 

1 Bull. Amer. Math. Soc. vol. 48 (1942) p. 103. 

2 The mapping is not 1-1 at the points x =k/2*, but this does not affect the results. 
For the properties of the Rademacher functions used in this paper see Kacmarcz 
and Steinhaus, Le systéme orthogonale de M. Rademacher, Studia Mathematica vol. 2 
(1939) p. 231. 

*C. Visser, The law of nought-or-one in the theory of probability, Studia Mathe- 
matica vol. 7 (1938) pp. 146-147. 
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two points x» and 1—xo, symmetric in x=1/2, at which (1) con- 
verges. Inasmuch as R,(x9)+R,(1—x0) =0 we have from (1) that 
$(xo) +¢(1—x0) =u,/2, so that converges. Hence con- 
verges a.e., so that converges.‘ 

(ii) Suppose now that s=)-u, and )-22 converge. Then the series 
of (1) converges a.e. to a function ¢(x). The R,(x) are orthonormal, 
so that by the Riesz-Fischer theorem the series >ou.R,(x)/2 con- 
verges in the mean to a function of L?; this function must coincide a.e. 
with $(x) —s/2. 

To establish (2) note that by the Schwarz inequality 


dx 


N 
¢(x) — s/2 — (un/2)Rn(x) 


(J, 


o(1) (N— ~). 


Since [Rn(x)dx=0, (2) is an immediate consequence. 

We conclude with some remarks. 

(i) Hill points out that if in our theorem we take }~u, to be condi- 
tionally convergent then D is of the first category! though of meas- 
ure 1.5 

(ii) Ulam notes that if >| ual converges then the set of values 
taken on by ¢(x) is a perfect set and asks what perfect sets can be 
obtained this way.® 

(iii) We can obtain part of the above theorem from the laws of 0 
or 1 of probability.6 For (1) may be regarded as a series of independ- 
ent random variables of mean-value and standard deviation u,/2. 

(iv) The above method furnishes a simple proof of a theorem of 
Steinhaus: the series (1) is (C, 1) summable a.e. if and only if Yun 
is (C, 1) summable and }>x2 converges.’ 


IIA 


N 2 1/2 
$(2) — 5/2 — (mn/2)Ra(2) | az) 


HARVARD UNIVERSITY 


4 Kacmarcz and Steinhaus, op. cit. p. 234. 

5 Written communication to the author. 

6 See, for example, Khintchine and Kolmogoroff, Uber Konvergenz von Reihen, 
deren Glieder durch den Zufall bestimmt werden, Rec. Math. (Mat. Sbornik) N. S. vol. 
32 (1925) p. 668. 

7 Incorporated into a paper of Paley and Zygmund, On some series of functions (2), 
Proc. Cambridge Philos. Soc. vol. 26 (1930) p. 473. 


RANDOM SUMMABILITY AND FOURIER SERIES 
RICHARD BELLMAN 


Fejér’s theorem that the first arithmetic mean of the partial sums 
of the Fourier series of a function converges to the function p.p. is 
equivalent to saying the average values of the partial sums, taken in 
order, are close to the function. It is interesting to ask whether, if the 
partial sums are chosen at random, and then averaged, the new aver- 
ages will be close to the function. We shall show that this is true 
most of the time. 

Let us define random summability in terms of the existence of the 
limit 

lim 
+ 


where r;(é) are the Rademacher functions, r;(é) =sign sin 2*+rt, and 
s,(x) are the partial sums of o(f) =ao+)_1 (az cos kx+b, sin kx). 

The only fact we require concerning the Rademacher functions is 
[i}t: If oo, converges p.p. in ¢. 

Now we have 


n 


n + 


Also >>?1r,(t)/k/? log (k+1) converges p.p. in t, by the above, since 
log (k+1)?< ©, so that >"*r,.(t) =0(n"!? log n), by Kronecker’s 
Lemma (much more is known, but this is more than needed). Hence, 
certainly =o(n), and 

By Fejér’s theorem n-")."s,(x)—>f(x) p.p. in x, so that it remains to 
prove n—)-"s,(x)r.(t)0 p.p. in x and ¢. 

But (s:(x)/k)?< p.p. in x, since s,(x) =o(log k) p.p. in x [2]. 
Therefore }>?s:(x)r.(t)/k converges p.p. in x and #, and using 
Kronecker’s Lemma again =0(m). 

Thus, we have proved: If f(x) belongs to Z, the Fourier series of 
f(x) is random summable p.p. in x, most of the time. 


Received by the editors February 16, 1943. 
1 Numbers in brackets indicate references at end of paper. 
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ON FIBRE SPACES. II 
RALPH H. FOX 


This paper is primarily concerned with fibre mappings! into an 
absolute neighborhood retract. Theorem? 3 is a converse of the cover- 
ing homotopy theorem; it characterizes fibre mappings (into a com- 
pact ANR) as mappings for which the covering homotopy theorem 
holds. Theorem 4 is Borsuk’s fibre theorem;* the proof* which I pre- 
sent here is new. It seems to me that this theorem is a promising tool 
in function-space theory. Also I think that it furnishes conclusive 
justification for the generality of the Hurewicz-Steenrod definition 
of a fibre space. In fact, a fibre space of the type constructed by 
Borsuk’s theorem almost never has a compact base space and almost 
never has its fibres of the same topological type. 

The common denominator of the proofs of Theorems 3 and 4 is a 
property which I call local equiconnectivity. Local equiconnectivity is 
a strengthened form of local contractibility and a weakened form of 
the absolute neighborhood retract property (Theorems 1 and 2). Defi- 
nitions and notations are those of FS. I.5 

Let A be the diagonal subset Die a(b, b) of BXB. I shall call the 
space B locally equiconnected (or, to be specific, (U, V)-equiconnected) 
if there are neighborhoods U and V of A and a homotopy A in B be- 
tween the two projections of U which does not move the points of A 
and which is uniform® with respect to V. Precisely: 

(1) Az(Bo, b:) is defined for all (bo, b1) EU, 

(2) Ao(bo, b1) =o, 


Received by the editors April 2, 1943. 

1 W. Hurewicz and N. Steenrod, Proc. Nat. Acad. Sci. U.S. A. vol. 27 (1941) p. 61. 

2 This theorem was announced in Hurewicz-Steenrod, op. cit. footnote 3. 

3 K. Borsuk, Fund. Math. vol. 28 (1937) p. 99. 

4 This proof was announced in the author’s paper On the deformation retraction of 
some function spaces--+, Ann. of Math. vol. 44 (1943) p. 52. 

5 (x, b)=(x(x), 6) as in R. H. Fox, On fibre spaces. I, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 555-557. 
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(3) Ar(bo, = bi, 

(4) 6) for every (6, EA, OS#S1, 

(5) there is a 6>0 such that |t—#'|<6 implies that 
D br), Aee(bo, b1)) C V. 
Roughly speaking, B is locally equiconnected if there are paths be- 
tween sufficiently nearby points such that the paths depend continu- 
ously on the end points. 


THEOREM 1. A locally equiconnected space is locally contractible. 


Let N be a neighborhood of some point 5; of B and let M denote 
the set of points by such that >vo<r<sA:(bo, b1) CN. By (4), EM; 
a simple continuity argument shows that M is a neighborhood of 4. 
Since M is contractible to }; in N the theorem is proved. 


THEOREM 2. A compact ANR-set is locally equiconnected. 


Let B be a neighborhood retract of the Hilbert parallelotope Q and 
let r be a retraction of an open neighborhood N of B onto B. Since 
Q-—WN and B are disjoint compact sets e=d(B, Q—N)/2>0. Let U. 
be the closed neighborhood of A determined by the covering of B 
by e-spheres and let A;(bo, for (bo, 
0<#S1. Conditions (1), (2), (3), and (4) are obviously satisfied. Con- 
dition (5) follows, for any V, from the compactness of U,. 

From Theorems 1 and 2 it follows,* for finite dimensional com- 
pacta, that local contractibility, local equiconnectivity and the ANR 
property are equivalent. For infinite dimensional spaces no more is 
known than is implied above. 


THEOREM 3 (CONVERSE OF THE COVERING HOMOTOPY THEOREM). 
Let B be a (U, V)-equiconnected space and let rE B*. Suppose that for 
every mapping g—X* and homotopy h in B which is uniform with re- 
spect to V and has initial value® wg there exists a covering homotopy 
h* in X with initial value g. Then wr is a fibre mapping relative to U. 


Let hi(x, 6) =r. (r(x), b). Since h is uniform with respect to V there 
is a covering homotopy h* such that h¢*(x, b) =x. Let O(x, b) (x, b). 
Then® @ maps #~1(U) continuously into X and m¢(x, b)=b. Since 
=2(x) it follows that r(x)) =hi (x, r(x)) =he*(x, r(x)) 
=x. Thus @¢ is a slicing function. 

Let A be a closed subset of X and let x denote the sectioning opera- 


tion r(f)=f|A, fEY*. 


§ K. Borsuk, Fund. Math. vol. 19 (1932) p. 240, Theorem 32. 
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THEOREM 4 (BORSUK’S FIBRE THEOREM). If A is closed in X and Y 
is a compact ANR-set then m is a fibre mapping. 


By Theorem 2, Y is locally equiconnected and, if it is suitably 
metrized, there is a positive number e€ such that A;,(yo, 41) is defined 
whenever d(yo, <¢. Let denote the graph of and let I, de- 
note the subset of Y*¥XY4 defined by the rule (f, g)€I. when 
d(r(f), g)<«. Because Y is compact I, is a neighborhood of Io. Define 


AAf(x), g(x)) for (f,g,%) ET. XA, 
f(x) for (f,g, x) GTX X. 


Thus y is a homotopy in Y; each y, is defined on the closed subset 
of XA. But Wolf, g, x) =f(x) for every (f, g, x) 
€C, and this map has the extension y¥*(f, g, x) =f(x) defined for every 
(f, g, x)ET.XX. It follows’ that y; can be extended toT.xX. Let 
denote an extension of and set g)(x)=VF(f, g, x) for 
(f, and xEX, so that (f, Y* for every fixed (f, g)CT.. 
Then ¢ mapsT, into g) =g, o(f, r(f)) =f. Thus ¢ is a slicing 
function for 7. 

Since the image set of a fibre mapping is necessarily open and 
closed in the base space, an example* “€” shows that Theorem 4 is 
false for non-compact ANR-sets Y. However if neither X nor Y are 
compact (as in “E”) the topology of Y* (and also of Y4) depends on 
the metrization of Y. Thus it may be possible (as it is in “E”) to re- 
metrize an ANR-set Y so as to make the sectioning operations fibre 
mappings. It should be observed that Borsuk has shown that Theo- 
_ rem 4 is false (with or without remetrization) if Y is not locally con- 
tractible.* 
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EXTENSIONS OF CERTAIN DYNAMICAL THEOREMS 
OF HALPHEN AND KASNER 


JOHN DeCICCO 


1. Introduction. We wish to present here some extensions of cer- 
tain theorems of Halphen and Kasner concerning the dynamical tra- 
jectories of positional fields of force in space. 

Kasner has developed the differential geometry of the dynamical 
trajectories of general positional fields of force in the plane and in 
space in his Princeton Colloquium Lectures.’ Recently Kasner and 
the author have introduced the concept of generalized fields of force 
which depend not only upon the position of the point but also upon 
the direction through the point.? In a generalized field of force in 
space, there are © dynamical trajectories just as in the ordinary 
positional case. 

The theorem of Halphen which we wish to extend to generalized 
fields of force is that all positional fields of force whose «5 dynamical 
trajectories are plane curves are of the central or parallel type. That 
is, the lines of force are all straight lines through a fixed point O 
(which may be finite or at infinity). Moreover the 5 trajectories con- 
sist of the ~* systems of ©? ordinary plane dynamical trajectories of 
the central or parallel type, each such system lying in a plane through 
the point O. There are ~**/@ such systems of 5 dynamical trajec- 
tories, and the number of central fields of force is 4*/®, 

We find that all generalized fields of force whose ©* dynamical 
trajectories are plane curves form a more extensive class. The © tra- 
jectories consist, in general, of ? systems of ~* generalized plane 
dynamical trajectories, each such system lying in a plane tangent toa 
base surface 2. The various degenerate situations are four in number 
and may be described as follows: (i) The base planes are tangent to a 
given curve C, (ii) the base planes pass through a given finite point O, 
(iii) the base planes are all parallel to the tangent planes of a given 


Presented to the Society, April 23, 1943; received by the editors January 2, 1943, 
and, in revised form, May 4, 1943. 

1 Kasner, Differential geometric aspects of dynamics, Amer. Math. Soc. Colloquium 
Publications, vol. 3, 1913, 1934. Also see Trans. Amer. Math. Soc. vols. 7-11 (1906- 
1910). 

2 See (1) A generalized theory of dynamical trajectories, Trans. Amer. Math. Soc. 
vol. 54 (1943) pp. 23-38; and (2) Generalized dynamical trajectories tn space abstract 
49-3-120. 

3 The symbol */) denotes the content of a geometric manifold which depends 
on k functions of m variables only. See Kasner, A notation for infinite mantfolds, 
Amer. Math. Monthly vol. 49 (1942) pp. 243-244. 
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cone I’, and (iv) the base planes are all parallel to a fixed line L. The 
number of such planar systems of generalized dynamical trajectories 
is /(2)+2/), and the number of associated generalized fields of force 
is cof (4)+27 (6), 

The theorem of Kasner which we wish to generalize is concerned 
with arbitrary positional fields of force and may be stated in the fol- 
lowing manner. If a particle starts at rest from any given point O 
the resulting rest trajectory which it describes will be initially tangent 
to, and also will possess the same osculating plane as, the line of force 
at O; moreover, the ratio of the curvature of the rest trajectory to that 
of the line of force is 1:3. 

In a generalized field of force this theorem is no longer valid. It 
is true that the rest trajectory and the line of force will be initially 
tangent, but, in general, they will have different osculating planes 
at O. We determine all those fields of force such that, at any point O 
of space, the rest trajectory and the line of force will have the same 
osculating plane. In the final part of our paper, we obtain a converse 
of Kasner’s theorem. 


2. The differential equations of the * ¢eneralized dynamical tra- 
jectories. We now consider any generalized field of force in space. 
Observe that an ordinary positional fieid of force could be called 
isotropic whereas a generalized field of force could be termed aniso- 
tropic. (A state of stress in a solid medium is an example of a general- 
ized field of force, although it is not of the most general character.) 

Let F(¢, ¥, x) be the rectangular components of the generalized 
force vector which corresponds to the lineal element E(x, y, 2, y’, 2’). 
(Note that the primes denote differentiation with respect to x). We 
assume that the direction of our force vector F(¢, , x) does not iden- 
tically agree with that of the corresponding lineal element EZ. The 
equations of motion of a particle of unit mass are 


d’x/dt? = y,2, 9,2), d*y/d? = 9, 2, 2’), 
d?z/dt? x(x, 2, 2’), 
where, of course, ¢ is the time. 
Upon eliminating the time ¢ from these equations, it is found that 
the 5 dynamical trajectories of a generalized field of force are given 


as the integral curves of either of the two Monge differential equa- 
tions of third order 


— = [e+ + 2.) — (bz + 262) 
+ [vu — — 36] + — 92", 


(1) 


(2.1) 
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or 
(x — = + + — + + J2” 

+ [xe — — + (xv — 92", 
solved together with the Monge differential equation of second order 
(3) 2” = [(x — — 


Therefore the generalized dynamical trajectories are of the three- 
dimensional type (G), namely 


(2.2) 


K(x, y’, z’)y", 


Conversely any system of «5 curves of the three-dimensional type 
(G) represents the dynamical trajectories of /“ generalized fields 
of force. 

Kasner has shown that the three-dimensional type (G) may be 
characterized by the two geometric properties listed below. For each 
of the ~! trajectories passing through a given lineal element EZ, con- 
struct the osculating plane and the osculating sphere at E. The two 
properties are: 

Property 1. The «! trajectories possess the same osculating plane 
at E. 

Property 11. The locus of the centers of the osculating spheres at E 
is a straight line. 


(G) 


3. Extension of Halphen’s theorem. Now we shal! discuss our ex- 
tension of the Halphen problem. 


THEOREM 1. A system of ~* generalized dynamical trajectories con- 
sists wholly of plane curves if and only tf it is represented by a system 
of differential equations of the three-dimensional type (G) where the func- 
tion K is defined as a solution of an equation of the form 


(4) F[s’ — y'K, K, 2 — x(2’ — y'K) — yK] =0, 
where F is an arbitrary function of three variables. 

There are thus «/‘)+2/® systems of generalized dynamical trajec- 
tories which consist wholly of plane curves. 

We proceed with the proof of Theorem 1. Upon substituting the 


three-dimensional type (G) into the condition y’’2’”’ —y’’2” =0 for 
plane curves and simplifying, we obtain the equation 


(5) (Ky + KK,) + + + 2’ K,) = 0. 
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By this equation we see that, upon excluding the ©‘ straight lines 
which are trajectories of any three-dimensional type (G), there are 
at most * trajectories in any system of «5 dynamical trajectories, 
which are plane curves. 

Now if our three-dimensional type (G) is to contain more than «4 
plane trajectories, we observe that (5) must be an identity in y’’. 
Therefore the function K must satisfy the two partial differential 
equations of the first order 


(6) Ky + KK, = 0, K.+ yK,+ 2K, = 0. 


First let us suppose that K is independent of y’ or 2’. From these 
equations we see that K must be constant. This solution for K is 
given by the equation (4) where F is a function of the second variable 
K alone. Therefore, we can henceforth suppose that K contains y’ 
or 2’ explicitly. 

By the first of equations (6) and by the fact that K contains y’ 
or 2’, we find that K must be a solution of a finite equation of the form 


(7) VK MK, Z), 


where ) is an arbitrary function of four variables.* Obtaining the par- 
tial derivatives of K with respect to x, y, and z from this equation 
and substituting into the second equation of (6), we find 


(8) et + = 0. 
Eliminating 2’ from this equation and equation (7), we find 
(9) (Ay + + (Az + = 0. 


Now this must be an identity in y’. Assume the contrary. We then 
can solve this equation for y’ and differentiate the result with respect 
to 2’. Since, by (7), K,-+0 we find 


Az +A, 
(10) 
OK + 


This will mean that the equation (9) solved for y’ is independent of y’. 
This is absurd. Hence (9) is an identity in y’. 

By the preceding argument, the function d of (K, x, y, z) must 
satisfy the two partial differential equations of the first order 


(11) Ay + = 0, Az + = O. 


4 This equation (7) arises in the characterization of ordinary positional fields of 
force in space. See Kasner, Dynamical trajectories: The motion of a particle in an arbi- 
trary field of force, Trans. Amer. Math. Soc. vol. 8 (1907) pp. 135-158. 


— 
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Suppose now that A,=0. These equations show that A is independ- 
ent of (x, y, z). Therefore \ is a function of K only. Substituting this 
result into (7), we discover that the function K is given by the equa- 
tion (4) where F is independent of the third variable. Henceforth we 
may suppose that A,~0. 

Since \,~0, we find from the second of equations (11) that \ must 
satisfy an equation of the form 


(12) K, y), 


where yp is an arbitrary function of three variables. Obtaining the 
partial derivatives of \ with respect to y and z from this equation, 
and substituting into the first of equations (11), we find 


(13) Hy = K. 
The integration of this equation yields the following solution for yp, 
(14) w= yK + f(Q, KX), 


where f is an arbitrary function of two variables. Substituting this 
into (12), we find 


(15) z= x+ yK + f(A, K). 


Finally, eliminating \ from this equation and equation (7), we dis- 
cover that 


(16) z= x(2' — y'K) + yK + fe — 9’K, K). 


This may be obtained as a solution of the equation (4) for the third 
variable. Thus the proof of Theorem 1 is complete. 

To obtain Halphen’s theorem as a consequence of Theorem 1, we 
first observe that, for the ordinary positional case, equation (3) 
demonstrates that equation (4) must be a function of a linear in- 
tegral function in (z’—Ky’) and K with coefficients functions of 
(x, y, 2) only. If the third variable is missing in (4), then the coeffi- 
cients must be constants and the field of force is of the parallel type. 
On the other hand, if the third variable is present in (4), the equation 
may be written in the form (16), where f is integral linear in the two 
variables with constant coefficients. Solving the resulting equation 
for K, we find that the field of force is of the central type. This com- 
pletes the proof of Halphen’s theorem. 


THEOREM 2. The «* generalized dynamical trajectories of Theorem 1 
consist of ©? systems of ~* generalized plane dynamical trajectories, 
each such system lying in a plane which is, in general, tangent to a 
base surface 2. 
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The degenerate situations which arise are four in number and may 
be described as follows: (i) The base planes are tangent to a given 
curve C, (ii) the base planes pass through a given finite point O, 
(iii) the base planes are all parallel to the tangent planes of a given 
cone I’, and (iv) the base planes are all parallel to a fixed line L. 

To prove Theorem 2, we first observe that the differential equations 
of the dynamical trajectories of Theorem 1 may be written as 


Pls! — y's"/y", — — y'2"/y"”) — y2""/y"] = 0, 


To find out what curves of this system (17) lie in the plane 
z=ax+by-+c, we eliminate z between the first of equations (17) and 
the equation of the plane. The result of this elimination yieids 


(18) F(a, b, c) = 0. 


Therefore we conclude that for a plane to contain at least one curve of 
(17), its parameters (a, 5, c) must satisfy the preceding equation. 
Moreover any such plane will contain ©* spatial generalized dynami- 
cal trajectories, and these form a generalized plane dynamical system 
of arbitrary character. The conclusion of our theorem is obtained 
from the observation that the ©? planes whose parameters (a, b, c) 
satisfy (18) are, in general, tangent to a surface 2. The degenerate 
situations also can be obtained by a discussion of the various forms 
that the function F may assume. 

It must be noted here that any plane system of «* generalized 
dynamical trajectories of Theorem 2 is of perfectly general character, 
whereas in Halphen’s theorem any such plane system must be of the 
central or parallel type. 


(17) 


4. The lines of force and the rest trajectories. In the remainder of 
this paper, we shall suppose that 


(19.1) (Wy — (x2 — 6) — (Wr — —2'by’) 


and 


(19 2) (vy yoy 3¢) (xe 3¢) (We (xy by’) 0. 


Let us first of all consider the lines of force in a generalized field of 
force. At any point O there is, in general, one (and at most © ') lineal 
element E, whose direction coincides with that of the corresponding 
force vector Fo. The lines of force are the integral curves of the dif- 
ferential equations defined by all the lineal elements Ep of a certain 


= 
= 
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region of space. This system of differential equations is 
(20) — yo = 0, x—-2¢=0. 


By (19.1), it follows that there are, in general, ©? lines of force. 
Otherwise if the left-hand side of (19.1) is identically zero, there are 
o/() or 1, or a finite number of lines of force. 

Consider next the rest trajectories in a generalized field of force. 
A rest trajectory is defined as the trajectory described by a particle of 
unit mass which starts at rest from any point O. By (19.2) there are, 
in general, ©* rest trajectories in a generalized field of force. Other- 
wise if the left-hand member of (19.2) is identically zero, there are 
at most / rest trajectories. 

Thus it is obvious that under the assumptions (19.1) and (19.2) 
there are, in general, ©? lines of force and ~? rest trajectories. 


5. The extension of Kasner’s theorem concerning one-third of 
the curvatures. In this section we shall determine all generalized fields 
of force such that, at any point O, the rest trajectory and the line 
of force will have the same osculating plane. 

In the first place, we can easily show that the rest trajectory 
through the point O is tangent to the line of force at O. This is an 
immediate consequence of the equations 


dy/dt = y'dx/dt, d*y/dt? = y'd?x/dt? + y''(dx/dt)?, 
dz/dt = 2'dx/dt, d?z/dt? = 2'd?x/dt? +- 


together with the initial conditions (dx/dt)»=(dy/dt)»=(dz/dt)x»=0 
and the equations (20) defining the lines of force. 
We discuss our extension of Kasner’s theorem. 


(21) 


THEOREM 3. The rectangular components F(¢, y, x) of any general- 
ized field of force for which, at any point O of space, the rest trajectory 
and the line of force possess the same osculating plane at O must be such 
that the single eliminant with respect to y’ and 2’ of the three equations 


(22) w—ye=0, x-2¢=0, (AC + BF)/(DC + EF) =C/F, 
where A, B, C, D, E, F are defined by the expressions 


A = Wy — yoy, B= — 
(23) C= (vz + Vy + 2’ pz) = y'(¢z + yby + 
D = xy — E = xy — 


PF = + 2’x2) + 
ts identically zero. 
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In the first place, the first derivatives (y’, 2’) of the line of force 
and the rest trajectory through the point O are given as solutions of 
the equations (20). 

By obtaining the total derivatives of equations (20) with respect 
to x and using the formulas (23), we find that the equations defining 
the second derivatives (Y’’, Z’’) of the line of force through the point 
O are 


(24) DY" =0. 


By equations (2.1) and (2.2), we see that the equations defining the 
second derivatives (y’’, 2’’) of the rest trajectory through the point 
O are a 


(25) (A — 36)y" + Bs’ +C=0, Dy’ +(E—3¢)2"+F =0. 


It is obvious that, in general, the osculating planes can not be iden- 
tical. Let us impose the condition that the two osculating planes be 
identical. Then there must exist a number p such that 


(26) = pY”, 
Eliminating Y’’ and Z’’ from equations (24), (25), and (26), we find 
= (1 — p)C/2g, = (1 — p)F/29, 
(27) p = (AC + BF — $C)/(AC + BF — 39C) 
= (DC + EF — $F)/(DC + EF — 3¢F). 
This last equation establishes the validity of Theorem 3. 
For the generalized fields of force of Theorem 3, let \ be defined 
by the two equal expressions 
(28) = (AC + BF)/¢C = (DC + EF)/¢PF. 


THEOREM 4. For the generalized fields of force of Theorem 3, the ratio p 
of the curvature of the rest trajectory to that of the line of force is given 
by the formula 


(29) p = (1 — d)/(3 — 2). 


This result may be considered to be an extension of Kasner’s one- 
third theorem. 


6. Aconverse of Kasner’s theorem concerning one-third the cur- 
vatures. If, in addition to the possession of the same osculating plane, 
we impose the condition that the ratio p=1/3, we obtain the follow- 
ing converse of Kasner’s theorem. 
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THEOREM 5. The rectangular components F(o, ¥, x) of any generalized 
field of force for which, at any point O of space, the rest trajectory and 
the line of force possess the same osculating plane and the ratio p of the 
curvature of the rest trajectory to that of the line of force is 1/3 must be 
such that the two eliminants with respect to y' and 2’ of the four equations 


x—2¢=0, 
AC+BF=0, DC+EF=0, 


where (A, B, C, D, E, F) are defined by equations (23), are identically 
zero. 


(30) 


Thus it is seen that, in the generalized fields of force in space, there 
are no general geometric relations between the lines of force and the 
rest trajectories except for the trivial one concerning the possession of 
the common tangent line. This is entirely different from the two- 
dimensional case (see footnote 2) where there is a theory—the gen- 
eral theorem being quite similar to our Theorem 4. 
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UNIFORM CONVEXITY. III 
MAHLON M. DAY 


It is the purpose of this note to fill out certain results given in two 
recent papers on uniform convexity of normed vector spaces.! A 
normed vector space? B is called uniformly convex with modulus of 
convexity 5 if for each €>0 there exists a 6(€) >0 such that for every 
two points b and b’ of B satisfying the conditions ||b|| =||b’|| =1 and 
the quantity ||b+5’|| <2(1—4(€)). If =1, B is said 
to be locally uniformly convex near bo if there is a sphere about do 
in which the condition for uniform convexity holds. Theorem 1 shows 
that all properties of normed vector spaces which are invariant under 
isomorphism are the same for uniformly convex and locally uni- 
formly convex spaces. Theorem 2 gives a necessary condition for 
isomorphism with a uniformly convex space. The condition is in terms 
of isomorphisms of finite dimensional subspaces and is suggested by 
examples given in [I]; it is not known whether the condition is suffi- 
cient. Theorem 3 is somewhat more general than Theorem 3 of [II]; 
it iit] uniformly convex function spaces instead of the /, spaces 
of [II]. 

A cone C in B is a set which contains all of every half line from the 
origin through each point of C. 


Lemma 1. A normed vector space B is locally uniformly convex near bo 
if and only if there exists a convex cone C, with bo in its interior, such 
that for every ¢ there is a 5,(€)>O such that the conditions ||b|| <1, 
\|o’|| $1, and ||b—b'|| imply ||b+b’|| for every pair of 
points b and b’ in C. 


If this condition is satisfied there is obviously a sphere about bo 
inside C, so that in that sphere 6(€) can be taken equal to 4,(e). 
On the other hand, if there is a sphere of radius 2k about do in 
which 6 can be defined, it can be shown that it suffices to let C 
be the cone through points of the sphere of radius k about bo and to 
let 5,(€) =inf [€/10, 5(4€/5)/2]. 


LEMMA 2. If the cone C of Lemma 1 contains a sphere about bo of 
radius k, if ||b|| <1 and if ||b—bol| Sk, then 


Presented to the Society, April 24, 1943; received by the editors January 25, 1943. 

1 These papers are [I] Reflexive Banach spaces not isomorphic to uniformly convex 
spaces, Bull. Amer. Math. Soc. vol. 47 (1941) pp. 313-317, and [II] Some more uni- 
formly convex spaces, Bull. Amer. Math. Soc. vol. 47 (1941) pp. 504-507. 

2 See Banach, Théorie des opérations linéaires, Warsaw, 1932,for general definitions. 
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This is obvious if |]b —boll =z. If |]d|| <1 and ||b—dol| >& there exists 
a point bs =Ab+(1—A)bo, O<A<1, on the line segment from bo to b 
such that ||bo —b;|| while ||b,|| $1; hence $2(1 — 6:()). Let 
f be a linear functional such that f(b’) <||b’|| for all b’ in B and such 
that the line {b’| f(b’) =1} in the plane of 0, bo and b touches the unit 
sphere in B at the point of intersection of that sphere with the 
half line from 0 through b+bo, so that f(6+bo) =||b+00|.. Then 
f(bo+b:) S||b0+0,|] — 6:(&)). Two cases can now be distinguished : 
If f(bo) = f(b), 2—251(k) tbo) >f(6+b0) =||b If f(bo) <f(0), 
tbo) =f(b1) +F (bo) > 2f (bo), 80 |b =f(b +50) =F (bo) 
+f(b) <1—6:(k) +1. 


THEOREM 1. Jf B is locally uniformly convex near some point bo, 
then B is isomorphic to a uniformly convex space. If k is the radius of the 
sphere which exists by Lemma 1 about bo, a suitable modulus of con- 
vexity for the new space is given in terms of the old by &{(€)=1 
/4) J. 


Suppose the cone C of Lemma 1 contains a sphere {b|||b—bol| $k} 
about bo; let a=1—46,(k)/4 and consider the two _ spheres 
E,= {b|||b—abd| $1} and {d|||b+ab0|| <1}. If S is the inter- 
section of E; and £2, it is clear that S is convex and symmetric about 
the origin, and that S contains the sphere {b|||d|| < 6:(2)/4}. 

To show ||d|| <k+6,(k)/4 for each b in S, it suffices to show that 
bES implies that b+ abo is within & of bo. If this is false, that is, if 
>k, then, by Lemma 2, ||b+abo+bo|| <2—6,(k). How- 
ever ||b+-abo+bo|| =||b —abo +(1+2a)bo|| = (1+2a)||dol| —|]b —ado|| 1 

Let |b| be the smallest non-negative value of ¢ for which the point 
b/t is in S. Then | - --| defines a new norm in B and it is clear 
from the inequalities thus far derived that 
<[k+46:(k)/4]|6|, so this new norm defines a space isomorphic 
to the original and all that need be proved is that | - - - | is uniformly 
convex. If b:, b2ES, and |bi—be| >e, then ||(61-+ab0) —(b2+ab0)|| 
=||bi —bel| = 5:(k)€/4. Also Sk by the preceding para- 
graph so, by the original hypotheses near bo, 
]=2(1 —n(€)) ; thats, (b, +b2)/2 = Ey = {b|||b+ad| 
<1-—y(e)}. The same argument with —aby and —bo shows that 
(b:+b2)/2E Es = {b| ||b—abgl| 

It will now suffice to show that there is a 6/(€)>0 such that 
|b| <1—6/ (6) if bE E! CE;, i=1, 2, so for any b in 
there is a number ¢21 such that | tb] =1; hence, either ||#+-abo|| =1 
or ||t—abo||=1. These cases are interchanged by replacing b by 
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—b so it suffices to consider the first; then 1—p(e) =||abo—dl| 
= = ||abo—tb|| —||t = 1 Therefore 
(t—1)||d|| Su(e) or = €/4)/ [2+ /4]. Let- 
ting 1—6/ (€) be the reciprocal of the last term in the preceding in- 
equality gives | =1/ts1—46/ (ce) if -E. 

We turn now to a necessary condition for isomorphism of B with 
a uniformly convex space. The effect of uniform convexity on the 
finite dimensional subspaces of an isomorphic space was used im- 
plicitly in [I]; it is given explicit formulation here. Let By and B 
be two normed vector spaces; then there exist linear operations of 
norm 31 defined on Bo with values in B. For each such operator 
U there is a largest number kv, 0 Sky $1, such that ||dol] =|| 7(b0)|| 
Zkylbol| for each bo in Bo, and this number ky can be taken as a 
measure of the distortion of By under the mapping U into B. De- 
fine k(Bo, B) to be the least upper bound of ky as U runs over 
the linear operators from By to B of norm not greater than 1; ex- 
plicitly, k(Bo, B) inf | U(bo)||. k(Bo, B) is then a 
measure of how nearly Bo approaches isometry with a subspace of B; 
if k(Bo, B) =1, there are operations which come arbitrarily near pre- 
serving distances; k(Bo, B)>0 if and only if Bo is isomorphic to a 
subspace of B. For the present it suffices to choose certain finite di- 
mensional spaces for Bo. Let M, and L, be the n-dimensional 
spaces of sequences t=(h,---,¢,) of m real numbers, where 
=)-isisn |ti|. Then k(M,, B)=k(Ln, B) =0 if and only if the dimen- 
sion of B is less than ; also k(M,, B) and k(L,, B) are nonincreasing 
functions of n for each B. 


Lemma 3. Jf U is a one-to-one linear operator from B, onto Bz such 
that for some a=0, ||b,|| ={| for each in By, then for any 
normed vector space T, k(T, Bi) Zak(T, Bz) 2a*k(T, Bi). 


If a=0, this is obvious. If a>0 and F is any linear operator from T 
into B, with || F|| <1, let UF be defined by UF(#) = U(F(2)) for every 
tin T. Then || UF|| <1 and || F()|| for every Hence 
inf || UF 2a |] so &(T, Be) 2ak(T, Bi). If F’ is 
any linear operator of norm S1 from T into Bz, the same argument, 
using the operator aU-'F’, shows that k(T, B:) 2ak(T, Bz). 

Note that if U maps B, on only part of Bz or is not 1-1 but is of 
norm S1, the first half of the proof still holds (although a=0 in the 
second case); it follows that if Bi is a subspace of Bz, then k(T, Bi) 
SR(T, 
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Sobczyk* has defined a special embedding of ) into m which can 
easily be modified to define an isometry of L,4; and a subspace of 
Mx so k(Lasz1, B)2k( Mm, B) for every integer m. In particular, 
and are isometric so k(L2, B) =k(Me, B). 


Lemma 4. If 6; satisfies Lemma 1 in the whole unit sphere of B and 
is continuous on the left, then 

(1) k(M,, B) =[1—6,(2k(M,, B))]*—, 

(2) k(Le, B) B))]*. 


If Fis an operation from M, into B such that || =|] F(#)|| ¢l| 
for all t, where k>0O, let ¢;=+1 for i=1, ---, m; then the points 


F(a,--+-, lie in the unit sphere of B since || F(a, €,)|| 
S|la,---, e|=1. If a,---, and e,---, ef are different, 
|Fla,---, ef (a, ---, °°, én) || 


=2k; hence || F(a, -- - , 0)||=||Fla,---, 1)—Fla,---, 
—1)||/251—4,(2k); that is, || F(a, ---, 
<1 for all &,---, €,-1.. These points are at least 2k apart for 
different €;, so this process can be applied »—1 times to show that 
|| F(1, 0, 0, - - -, 0)/[1—6,(2k) $1. Hence 0, 0, - - - , 
<|| 0, 0, - - -, 0)|] Taking k=k(M,, B) or, if 
that is impossible, taking the limit as k increases toward k(M,, B) 
gives (1). 

If F maps into B so that || ¢|| =|| F(¢)|| for all ¢, 
the same sort of argument can be carried through using the points 
of L.* which have one coordinate equal to one, the others all zero. It 
leads to the inequality k=&||(2-*, - - - , 2-*)|| $||F(2-*, - - - , 2-*)|| 
< [1—5,(2k) ]* which gives (2). 


THEOREM 2. If B is isomorphic to a space which is locally uniformly 
convex near any potnt, then lim, k(M,, B) =lim, k(La, B) =0. 


By Theorem 1, B is isomorphic to a uniformly convex space B’. By 
Lemma 4, k(L2", B’) <[1—6:(2k(L2, B’))]* for all If k(L2*, B’) 
for all then 0<2Sk(L, B’) as n> 
this contradiction and the monotony of k(L,, B’) show that k(L,, B’) 
—0. Lemma 3 shows that k(L,, B)—0 also. A similar proof holds 
for k(M,, B); this can also be proved by using the remark before 
Lemma 4 and the fact that k(L,, B)—0. 

This theorem has as a corollary the result of [I]: Jf B=P»(B,), 
where B,;=1*‘ or L?+, and if the numbers p; are not bounded away from 


2 A. Sobczyk, Projection of the space m on its subspace Co, Bull. Amer. Math. Soc. 
vol. 47 (1941) pp. 938-947; the construction is given in the proof of Theorem 3. 
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1 and ~, then B is not isomorphic to a uniformly convex space. 

It is not difficult to give a direct proof of Theorem 2 not using 
Theorem 1. I have also shown that if B* is uniformly convex, then 
k(L,, B)—0 (as does k(M,, B)); whether this condition is sufficient 
as well as necessary for isomorphism of B or B* with a uniformly 
convex space is a question which I am, so far, unable to answer. 

Some remarks may be made about the minimum values, k(L,) and 
k(M,), of k(L,, B) and k(M,, B) taken for m fixed and B varying over 
the spaces of dimension at least n. k(M,, 1”) =n-"/? if 2S p< and 
R(L,, 1*)=n-"?’ if where 1/p’+1/p=1. Hence k(L,) 
SR(L,, 1?)=n-"? and k(M,)Sk(M,, 1*)=n-? for all n. The 
plane with a regular hexagon for unit sphere is an example showing 
that k(L2) =k( M2) $2/3 (<2-"/?). A tedious computation has shown 
that 2/3 is precise; that is, that k(Z2)=k(M:) =2/3. So far all my 
attempts to show k(L,) and k(M,) 21/n have failed for n>2. 

The rest of this paper is devoted to extending the results of [II]. 
A normed vector space T of real-valued functions t= {t,} on some 
set of indices S will be called a proper function space if for every 
function t= t} in T with 0<z, for all s (a) for every real-valued 
function {t/} with 0<¢/ St, for all s, the function {t/}@T and 
(b) 0S|| {42 }|| {¢.}||. If Tis a proper function space and B,,s€S, 
are normed vector spaces, let Pr{B,} be the space of functions 
b={b,} where b,GB, and the function {|ld,||} G7; in Pr{B.}, 
{||| =|] }|| =|] }||. (in [11] S was countable and only the spe- 
cial product spaces P?} B,} =P{B,} were used.) 


THEOREM 3. If T is a proper function space, then Pr{B,} is uni- 
formly convex if and only if T is uniformly convex and the spaces B, 
have a common modulus of convexity. 


As the proof follows the lines of the proof of Theorem 3 of [II] 
except at one point it suffices to give the first half of the sufficiency 
proof; that is, the special case in which =||b’|| =1, 2¢ and 
||.|| || for every s. Let and y.=||o.—9/ ||; then for each 
5, | b,+5/ || $2(1—5(y./8.))8, where 6 is a common modulus of con- 
vexity for all B,. Hence 


(1) + = + {1 — llr. 


Clearly y, $28, for all s; let E be the set of all s for which y,/8, 
>e/4; then in F, the complement of E, 8,24y./e. If {t,} is any ele- 
ment of 7, let if t.2=0 if s@E; then 


12> || = = || = (4/0)|l {rr} 
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Hence || {-y.r}|] <¢/4 and 
{vee }l] = ll — = — Il }l] 3¢/4. 


Hence || {8.2}|| 2|] {ve#}||/223¢/8. 

Now let t= Bur}, {B.z} and t’’=(1—26(€/4))t’; then 
=1 and ||¢+4¢’—(#+ =28(€/4)|| €'|| 
= 35(€/4)e/4. Call this last quantity a(e); then 


where 4; is the function which exists in T by Lemma 1. By (1) and (2) 


+ b'l| < || {(1 — + < — + 
<1 — = 1 — 


The remainder of the proof is exactly that given in [II] (beginning 
with line 4 on p. 506); it shows that a suitable value of 5; in Pr{B,} 
is given if 53(€)=6,(y) where 7 is so chosen that 9/2+6,(n) < 62(e). 
Since 5; depends only on the moduli of convexity in T and all B,, 
we have the following result, more general than Corollary 1 of [IT]. 


Coroiary. If {T} is a collection of proper function spaces, if {B} 
is a collection of normed vector spaces, and if all these spaces have a 
common modulus of convexity, then all the spaces Pr{ B,} with Tin {T} 
and all B, in {B} have a common modulus of convexity. 


Some extensions of Theorem 3 may be made; for instance, it is 
clear that the condition (a) on a proper function space is imposed to 
make sure that such functions as {||b,+0/||} are in T. For example, 
if S is a space in which a measure is defined and all B, are the same 
space Bo, it suffices to take T=L3, 1<p< © and to consider only 
Bochner measurable functions‘ for which {|[d,||} G7. In this 
case all the functions constructed are again in T so the proof can be 
carried through showing directly that L7(Bo) is uniformly convex if 
1<p< © and Bp is uniformly convex. In fact, if the norm in T satis- 
fies (b) and if it is assumed only that every measurable real-valued 
function dominated by a function in T is again in T, the proof can be 
carried through for the space of Bochrsr measurable functions from S 
into B for which {||d,||} ET. 


UNIVERSITY OF ILLINOIS 


4S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektor- 
rvaumes sind, Fund. Math. vol. 20 (1933) pp. 262-276. 


THE RADICAL OF A GROUP WITH OPERATORS 
GARRETT BIRKHOFF 


In a recent note (The radical of a non-associative algebra, Bull. 
Amer. Math. Soc. vol. 48 (1942) pp. 893-897) A. A. Albert has defined 
the radical of a general linear algebra, and deduced some of its prop- 
erties from his theory of isotopy. The purpose of the present note is 
to extend this concept to groups with operators, and to derive similar 
properties from lattice theory. 

Let G be a group with a class 2 of endomorphisms including all 
inner automorphisms.! By an ideal, we mean a subgroup S of G such 
that se S and wEQ imply swES. Clearly G and the group identity 
0 are ideals; any other ideal is called a proper ideal. We recall that 
the ideals of G form a modular lattice;? we shall assume below that 
this has finite length. 

We define G to be prime if and only if it has no proper ideals; it is 
well known (and easy to prove) that G/S is prime if and only if S is 
maximal. Now let 3 be any class of groups with operators (specializing 
to zero algebras) which is invariant under isomorphisms,’ and let us 
define a simple group (with operators) to be any prime group not 
in the exceptional class 3. We define a direct sum of prime groups 
to be semiprime, and (following Albert and others) a direct sum of 
simple groups to he semisimple. 

We further define the ¢-ideal © of G as the intersection of all 
maximal ideals (by analogy with the ¢-subgroup of a group), the 
radical R of G as the intersection of all maximal ideals S such that 
G/S is simple, and denote by Z the intersection of all maximal ideals 
T such that (G/T)E3. 


THEOREM 1. The quotient group G/S is semiprime if and only if S 
contains ®. 


Proor. If G/S is semiprime, then it can be written as a direct 
sum G/S=(S:/S)+ --- +(S,/S), where the (S:/5S) are prime. The 
B;=Si\U US; - - - US, are maximal ideals; and 


Received by the editors February 24, 1943. 

1 If G is commutative, 2 may be void. The case of a linear algebra is included by 
requiring 2 to consist of all scalar multiplications x—dzx, all left multiplications x—ax, 
and all right multiplications x—>xa. It follows that ideals and direct sums correspond. 

2 In the sense of the author’s Lattice theory, Amer. Math. Soc. Colloquium Publi- 
cations, vol. 25, New York, 1940. This will be referred to below as [LT]. 

3 It is to be observed that a zero algebra is not a “zero” group with operators: 
for scalar operators 
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S=AB, 2. 
To prove the converse, note that ® is the meet of dual points (in 
the sense of lattice theory), and hence (by [LT, Theorem 4.1]) the 
modular lattice of ideals X satisfying ®<X SG is complemented. It 
follows (ibid, §65) that we can find ideals D,, --- , D, prime over X 
such that 


(DU---UDD)OD = X for all k, 


whence G/X =(D;/X)+ -- + +(D,/X), in the sense of being a direct 
sum. 


THEOREM 2. The quotient group G/S is semisimple if and only if S 
contains R 


G 


® 


Proor. We consider the complemented modular lattice just de- 
scribed. “Projective” quotients (in the sense of lattice theory) are 
operator-isomorphic [LT, Theorem 3.16]; hence no S for which 
G/S is simple is projective with an S for which G/S is in 3. It follows 
[LT, Theorem 4.6 and Corollary] that R/® and Z/® are “neutral” 
complements in G/®. Consequently any S such that G/S is semi- 
prime (let alone semisimple) fits into the lattice just described ac- 
cording to the scheme indicated graphically above. We have, by well 
known theorems, the isomorphisms 
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G/S = (RU S/S) + Z@U S/S), 
S/® (RM S/®) + S/®), 


where RUS/S=R/ROS=G/ZUS is a direct sum of groups in 3 
and ZUS/S=Z/Z(\S=G/RUS is semisimple. We omit the details, 
which are identical with those of the second part of the proof of 
Theorem 1 as regards representation as direct sums of prime groups, 
and involve [LT, Theorem 4.5], for the basic isomorphisms. Theorem 
2 appears as an obvious corollary of these facts and Theorem 1. 

The remarkable fact about the radical of a linear associative alge- 
bra from this point of view is that it is nilpotent. Also, the radical 
of a complex Lie algebra A is solvable, and [A, A] is nilpotent. The 
radical of an alternative algebra is also nilpotent. The generalization 
of these properties to more general classes of algebras would be ex- 
tremely important. 


HARVARD UNIVERSITY 


MINIMAL A-SETS, INFINITE ORBITS, 
AND FIXED ELEMENTS 


G. E. SCHWEIGERT 


Throughout this note S denotes a semi-locally-connected con- 
tinuum! and 7(S)=S an onto-homeomorphism. If EZ is a set of S 
such that 7*(Z) =E for some positive integer k, then E has a finite 
period, otherwise the period for E is infinite. The set of all images of 
E under T and its inverse T—! is said to be the orbit of E. If E is of 
period k=1, then E is invariant under T. We investigate the least 
invariant A-set which contains the orbit of a cyclic element EZ, when 
the period and orbit for E are infinite. This work occupies an inter- 
mediate position between a previous paper,? wherein certain general 
results are directed toward the study of finite orbits, and the problem 
of the action of T(S)=S in general. We follow here the spirit of the 
work of Ayres begun in his paper, On transformations having periodic 
properties, Fund. Math. vol. 33 (1939) pp. 95-103. With Ayres we 
denote the unique cyclic chain between two cyclic elements E and 
Dby C(E, D). 


THEOREM? A. If E is any cyclic element of S with an infinite period 
and B is the least (invariant*) A-set containing the orbit of E then one 
of the following cases must occur: 

(a) B contains exactly one fixed element F. In this case if B is cyclic 
then E is a single point which is a cut point of S lying in B. The set 
S—B then has infinitely many distinct components bounded by images 
of E. (Of course it may also have other components not bounded by these 
images.) If B is not cyclic then for any element E’ of the orbit of E the 
set B is the closure of the orbit of the cyclic chain C(E’, F). 

(b) B contains exactly two fixed elements X and Y. In this case X 


Presented to the Society, April 23, 1943; received by the editors March 15, 1943. 

1See G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publica- 
tions vol. 28, 1942, pp. 64-98. It is assumed that the reader is familiar with the cyclic 
element theory and the general terminology of this publication. We refer to this book 
hereafter as ATW with the numbers for theorems in parentheses. 

2 Fixed elements and periodic types for homeomorphism on s.l.c. continua, Proc. Nat. 
Acad. Sci. U.S. A. vol. 29 (1942) p. 52. To appear in full in the Amer. J. Math. under 
the same title. This paper will be referred to as F; the numbers in parentheses refer 
to theorems of the complete paper. 

3 Compare F(2.4). Each theorem of this paper has as a corollary the special case 
in which S is a dendrite. The form used in stating Theorem A and the general nature 
of the proof are at the suggestion of the referee. 

* The least A-set containing an-invariant set is invariant. 


754 


MINIMAL 4-SETS, INFINITE ORBITS, FIXED ELEMENTS 755 


and Y are end points of B and all elements of B except X and Y have 
infinite periods. Furthermore: 

(1) if B=C(X, Y) then the images T(E) are linearly ordered on 
C(X, Y) as they occur under T for n in the range of all integers. 

(2) if BAC(X, Y) then C(X, Y) contains an element E* satisfying 
(1) and such that C(X, Y) is the minimal invariant A-set in S containing 
the orbit of E*. Moreover, if E,, and Ex denote the nth images of E and E*, 
respectively, under T, then the cyclic chain C(E,, E,*) in B contains the 
component of B—E,* which has E, as a subset of its closure. 


Proor. By a theorem of Ayres® B must contain at least one invariant 
cyclic element. If it contains exactly one such invariant element F then 
(a) holds and the results in this case are a very easy exercise for the 
reader. Otherwise, B must contain at least two invariant cyclic ele- 
ments and we denote any two such elements by X and Y. Thus the 
cyclic chain C(X, Y) is invariant under T and every element which is 
not fixed has an infinite orbit. Now if C(X, Y) contains an element of 
the orbit of E then it must contain the entire orbit and we have 
B=C(X, Y). It follows at once that C(X, Y) can contain no other 
invariant element by the fact that B is minimal and X and Y were 
arbitrary. From the minimal character of B we see that X and Y 
are end points of B, and (1) holds. In the event that no element in the 
orbit of E is in B there is again no third invariant element in B. 
Such an element Z would imply that ZCK, where K is some com- 
ponent of B—C(X, Y). From the minimal property of B it follows 
that K must contain an element of the orbit of E. Thus the entire 
orbit of E must lie in both of the S cyclic chains C(Z, X) and C(Z, Y). 
This easily gives an A-set which contains the orbit of E and is a 
proper subset of B, contrary to the definition of thisset. Thus B con- 
tains exactly two invariant cyclic elements X and Y. Let K(£) de- 
note the component of B—C(X, Y) having E as a subset of its closure, 
and p the boundary point of this component. Then if E* is the mini- 
mal cyclic element of C(X, Y) containing » we see that E* has an 
infinite orbit. This gives us (2) without difficulty and completes the 
proof of Theorem A. 

The property mentioned below is one of five previously shown® to 
be equivalent. 


Coro.uary. Let E be any cyclic element in S such that E and 
E,=T(E) are distinct. In order to insure that C(E, E) has the third 
property of Ayres—contains exactly one invariant element Z—1t is suffi- 


5 ATW (2.51) p. 242. 
(2.6). 
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cient (and necessary) to assume that an invariant element in C(E, E:) 
exists provided E has an infinite period. There is no assumption when E 
has finite period. 


ProoF. If the period for E is infinite this follows from Theorem A. 
If E has finite period, the least A-set M containing the orbit of EZ 
also contains a fixed cyclic element Z by virtue of the theorem of 
Ayres. It is readily shown that: (1) M is the finite orbit of C(E, E,), 
(2) ZCC(E, E,), (3) Z is unique. 

If M is a sum of cyclic elements of S and each element of M has 
a finite period then T is said to be elementwise periodic on M. The 
case M=S—L, where L is the set of all end points of S, has received 
considerable attention ;? however, the question treated below awaited 
a study of infinite orbits. 


THEOREM B. If T(.S)=S is elementwise periodic on S—L and pEL 
has an infinite orbit, then the least A-set M containing the orbit of p 
has a unique invariant element (“hub”) E, and the cyclic element hyper- 
space of M is structurally similar to an n-adic tree.® 


Proor. The set M is invariant and contains the closure of the orbit 
of p. In view of the density of the elements of finite period and Theo- 
rem A it is evident that M contains a unique invariant element E. 
Let k be the least positive value of the period function on M—E 
and I(k) the set of all cyclic elements of M fixed under T*. It follows*® 
that I(k) is an A-set. Furthermore the minimal property for M in- 
sures that M—E is a component-orbit, the finite orbit of some com- 
ponent K of M—E. We select one particular K and consider K=K +4, 
with g a cut point of M on E. (Note: T(g)#gq although T(q) =q is 
possible.) Let gE&C, where C is a true cyclic element of K, then 
qE€I(k) implies CCI(k). If C does not exist, g is an end point of K, 
and hence, by a previous theorem,'® we again get I(k)-K 0. Thus, 
in any case, there is a node X of I(k) in K by virtue of well known 
results.!! Finally C(X, E)CI(k) also follows from a previous theo- 
rem.!2 We now let N=I(k)-K and investigate the nature of this 
A-set and its complement. If R is a component of K—N, F(R) =x, 


7F (4.2) and ATW (4.6) p. 248. 

8 Tree=dendrite of ATW. For the dyadic tree see A note on the limit of orbits, 
Bull. Amer. Math. Soc. vol. 46 (1940) p. 968. Also see Leo Zippin, Transformation 
groups, in Lectures in topology, University of Michigan Press, 1941, p. 196. 

* ATW (4.4) p. 248 adapted in F (2.6). 

10 F (2.1). 

1 ATW (8.1) and (8.2) p. 77. 

2 ATW (4.3) p. 248 adapted in F (2.6). 
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and E, the cyclic element of N which contains x, then T*(R)-R=0 
and T*(x) for otherwise T*(R)=R and I(k)-R¥0 by the argu- 
ment used to establish X above. Thus K—WN is a component-orbit 
under T* and each component in this finite orbit is bounded by a 
point of E,. If xX then it is possible to construct an A-set M* which 
is a proper subset of M and contains the orbit of p. This would be con- 
trary to the definition of M. A similar set M* is possible if there is a 
node of I(k), other than X, in N. Hence N+E=C(X, E)=C(X,q) +E 
is the only possibility. Moreover each component of K—N has as its 
boundary a point of X; that is, X = E,. This suffices to give the struc- 
tural character of M “near” the “center of rotation” E in M; namely 
C(X, q) and its k—1 images extending radially as “spokes” from the 
“hub” E, or a variant of this (when the period of g is less than &) in 
which several spokes meet in the same cut point on the orbit of g. 
More specifically, I(k) =>-*_,T"(C(X, q)) +E and the interior of this 
A-set contains I(k) 

Since I(k) contains no point of the orbit of p we may iterate the 
discussion above using K and T* in the roles M and T. If 1>k is the 
least positive value of the period function on K—WN and I(/) is the 
set of all elements in M fixed under T"', then / is an integral multiple 
of k, I(k) CI(J), and I(J) is an A-set. The argument proceeds to show 
that, when N*=I(l)-R, we get N*+X=C(X*, X) where X* is 
uniquely the node of in N*. Then g)) +E 
and this fact, together with results concerning the interior of I(/), are 
sufficient to introduce the third stage. The third stage introduces the 
fourth, and so on. When these inductive steps have all been carried 
out, we find that (as we progress from E toward the orbit of ») the 
spoke C(X, E) branches into //k chains at X, these in turn branch 
at the images of X*, and such branching continues indefinitely. This 
branching occurs only at the designated elements. 

The expanding approximation due to Whyburn”™ (and adapted" to 
this type of homeomorphism) insures that the above process will en- 
velop all but the end points of M, that is, M—L. But M—L=M; 
and it can be readily shown that L is the closure of the orbit of p, 
hence perfect, one-dimensional, and uncountable. This ends the dis- 
cussion of Theorem B. 

In conclusion it is evident that the proof of Theorem B does not 
require the full strength of the elementwise periodicity assumption; 
a study of the general onto-homeomorphism and the subsequent selec- 
tion of convenient restrictions will clarify this matter. It may also be 


13 ATW (4.7) p. 249. 
F (4.2), 
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remarked that Theorem A may well carry, in such a study, a weight 
greater than that indicated by its relatively minor role in the proof 
of Theorem B. 


UNIVERSITY OF MIssouRI 


THE EQUIVALENCE OF n-MEASURE AND 
LEBESGUE MEASURE IN E, 


ARTHUR SARD 


Consider a set A of points in euclidean n-space E,. For each count- 
able covering {Ai} of A by arbitrary sets consider the sum 


c= 


where m is a fixed positive number, ¢n=a2”?/2"T [(m+2)/2], and 
5(A) is the diameter of A. The constant c,, is, for integral m, the m- 
volume of a sphere of unit diameter in E,,. Let L(A; a) be the great- 
est lower bound of all sums o corresponding to coverings for which 
5(A;) <q@ for all i (a>0). We define the m-measure of A as L,,(A) 
=lim. .oLm(A ;a). We denote the outer Lebesgue measure of A by | A|. 

We shall show that n-measure and outer Lebesgue measure are equal: 
L,(A)= |A | . A statement on this matter by W. Hurewicz and 
H. Wallman is true but misleading: these authors assert that L,(A)/¢n 
and | A| may be unequal.! 

F. Hausdorff has introduced an m-measure L5(A) defined as is 
L(A) except that coverings by spheres are used instead of coverings 
by arbitrary sets. He has shown? that L5(A) = |A | . However Ln(A) 
and L5(A) are unequal in general, as A. S. Besicovitch has shown? 
for m=1, n=2. S. Saks‘ and others define m-measure as Lm(A)/¢m. 

Our proof, which is an obvious extension of Hausdorff’s proof, de- 
pends on two known theorems. 


THEOREM I. Of all sets in E, having a given diameter, the n-sphere 
has the greatest outer Lebesgue measure.® 


Received by the editors September 23, 1942, and, in revised form, April 2, 1943. 

1 W. Hurewicz and H. Wallman, Dimension theory, Princeton, 1941, p. 104. 

2 F. Hausdorff, Dimension und dusseres Mass, Math. Ann. vol. 79 (1919) p. 163. 

3 A.S. Besicovitch, On the fundamental geometrical properties of linearly measurable 
plane sets of points, Math. Ann. vol. 98 (1928) pp. 458-464. R. L. Jeffery, Sets of 
k-extent in n-dimensional space, Trans. Amer. Math. Soc. vol. 35 (1933) p. 634. 

4S. Saks, Theory of the integral, Warsaw, 1937, pp. 53-54. 
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THEOREM II. Suppose that to each point x of a set A in E,, there 
corresponds a set of closed n-spheres centered at x of arbitrarily small 
positive diameter. Then for any given e>0, a countable number of the 
spheres cover A and are such that the sum of their Lebesgue measures is 
at most | A| +e. 


We now prove that 
| A| S$ L,(A) L,(A) S| A}. 
For any countable covering {A;} of A, 


by Theorem I. Hence | A| SL,(A; a) for all a and | A| SL,(A). 

The definitions imply that L,(A) SLS(A). 

Finally, given €>0 and a>0, assign to each point x of A the set of 
all closed spheres centered at x and of positive diameter less than a. 
Then by Theorem II a countable number of these spheres {S;} cover 
A and are such that 


Hence L§(A; a) <|A| and L§(A) S| A]. 


QUEENS COLLEGE 


5 W. H. and G. C. Young, The theory of sets of points, Cambridge, 1906, pp. 293- 
294. L. Bieberbach, Uber eine Extremaleigenschaft des Kreises, Jber. Deutschen 
Math. Verein. vol. 24 (1915) pp. 247-250. T. Kubota, Uber die konvex-geschlossenen 
Mannigfaltigkeiten im n-dimensionalen Réume, Science Reports, Téhoku Imperial 
University, vol. 14 (1925) p. 98. T. Bonnesen and W. Fenchel, Theorte der konvexen 
Kérper, Ergebnisse der Mathematik vol. 3 (1934) pp. 76 and 107. W. Feller, Some 
geometric inequalities, Duke Math. J. vol. 9 (1942) pp. 889-892. The diameter of an 
arbitrary set B equals the diameter of the smallest closed convex set containing B. 

6H. Rademacher, Eineindeutige Abbildung und Messbarkett, Monatshefte fiir 
Mathematik und Physik vol. 27 (1916) p. 190. The case |A| = 2 is not excluded. 
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A CONVERGENCE THEOREM FOR LEBESGUE-STIELTJES 
INTEGRALS 


FUMIO YAGI 
This paper deals with the following theorem. 


THEOREM. Let g(x) be a bounded Borel measurable function defined 
everywhere on (— ©, ©). Let p,(x) be a sequence of normalized func- 
tions,’ V, such that 


(1) Vibs) < @. 

n=1 
Then a(x) is absolutely and uniformly convergent to a normalized 
function p(x) EV, and 


—2 

We shall first prove this theorem in the following special cases: 

(a) g(x) is a bounded piecewise absolutely continuous function? in 
(— o), 

(b) g(x) is continuous in a finite interval and vanishes identically 
outside this finite interval. (It need not necessarily be continuous at 
the end points of the interval.) 

(c) g(x) is a bounded continuous function in (— ©, ©). 

First let us prove our assertion concerning p(x). Since p,(x) are 
normalized, we have® Pa(x) | V(b.) where P, is 
the upper bound of | p,(x)| for — 0 <x< ©. Because of (1), it fol- 
lows that the series }>~,p,(x) is absolutely and uniformly con- 
vergent. Let p(x) be the limit function. Evidently p(x) is right- 
continuous and normalized. To show that p(x) € V it is sufficient to 
show that p(x) is of bounded variation on (— «, ). For &>0 and 
any subdivision of (—£, —E=xo<xi< <Xm1<X%m=§, we 


Received by the editors March 16, 1943. This was Part I of the author’s doctor’s 
thesis written at the Massachusetts Institute of Technology. Thanks are due to Pro- 
fessors W. T. Martin and R. H. Cameron for their supervision of the research. 

1 p(x) GV means that p(x) is right-continuous and of bounded variation on the 
infinite interval (— ©, ©). It is normalized if p(0)=0. V(p,) denotes the total varia- 
tion of p, over (— ©, ~). 

f(x) is piecewise absolutely continuous in (— ©, ~) if we can divide (— 
into a finite number of intervals such that in each of these intervals f(x) is absolutely 
continuous. 

3 “<<” is to be read “is dominated termwise by.” 
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have 


n=0 i=0 
This implies V(p; —£, —& 
Hence V(p) < 

Let x; (¢=1, 2, - - - , N) be the points of discontinuity of g(x) un- 
der condition (a), where x1<%2< --- <xy. Then g(x) is absolutely 
continuous on x;<x<xi41 and g(x) (x)dx+g(x:+0), where 
gi(x) is the absolutely continuous part of g(x) in the Lebesgue de- 
composition. For the infinite interval we then have 


ef (a)dz + sted 


where j(x;) is the jump of g(x) at x=x;. Since g(x) is bounded, it is 
evident that [°.g(x)dp(x) exists. In addition we have 


(3) | e(2)|| dpa(x)| < @ 


n=1 


where G=u.b._2<zcw |g(x)|. Hence exists. 
We shall now show that (2) holds for case (a). Let A be any posi- 
tive number. Then because of the above remark we have 


A 
— | pn(x)dg(x) 
- — A)p(— A) 
> (x)dx > Pn(xi)j (xi). 


n=] n=1 i=1 


(4) 


By the re, convergence theorem of Lebesgue, this becomes 


n=1 


o(x)dp(s). 


4 V(pn; —£, £) denotes the total variation of p, over (—&, &). 
5 E. C. Titchmarsh, Theory of functions, Oxford, 2nd ed., p. 345. 
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Letting A— ©, we get 


(6) lim = f g(x)dp(x). 
n=l 
Now consider 


dp,(x) | 


n=1 


«KG: > V(pn)- 


n=1 


Thus > *_ ,f44¢(x)dp.(x) is absolutely and uniformly convergent in A. 
Hence by a known theorem,® we have 


n=l n=1 


Combining this with (6), we get 


n=l 
which concludes case (a). 
To prove the theorem for case (b), it is sufficient to show that the 
expression 


can be made arbitrarily small for all sufficiently large values of N. 
Let [Mi, M2] be the interval within which g(x) is continuous. By the 
Weierstrass approximation theorem, there exists a sequence of poly- 
nomials gn(x) which converge uniformly to g(x) in [A41, Mz]. Consider 
the functions defined by 


&m(X), 
fim (x) = { 
0, otherwise. 


We note that f,.(x) for m=1, 2,--- all satisfy the hypothesis (a). 
Hence we have 


6 See Hobson, Theory of functions of a real variable, vol. 2, p. 121. 
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for m=1, 2, - - -. Furthermore we have 


N 


N N 


N 


n=1 


+ 


Because of (7) it follows that 


N N 


n=1 n=1 


(9) < (m) ’ 


where ev(m)—0 as for every m=1, 2,---. Since fn(x) con- 
verges uniformly to g(x) in [M,, M2] we also have 


(10) 


{ gm(x) g(x) }dp(x) < en-V(p) = en, 


where and where +0 when m— since 
V(p) is finite. Also 


N M; 
{ g(x) — gm(x)}dpn(x) 


M, 


N 
sad f 
My 


n=1 


(11) 
dp,(x) 


em: V (pn) = 


n=1 


where €,’—0 when m—, since sed V(p.) is finite. 


— 
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Now let 6 be an arbitrary positive number and take m large enough 
so that 


(12) ten’ < 28/3. 
With m fixed, take N large enough so that 
(13) < 6/3, y=0,1,2,--- 


It follows that [using (12) and (13) in (8) ] 


f e(x)dp(x)| <6 


for all sufficiently large N and arbitrary 6>0. 
Coming to case (c), let a be a positive number and define 
g(x), x Qa, 
8a(x) = { 


0, otherwise. 


Since ga(x) satisfies the conditions of hypothesis (b), we have 


(14) f ge(x)dp(2). 


By dominated convergence we have 


(15) lim f = 


Let g(x)|. Then 


n=] 


KE 


n=1% 


«KG: V(pn)- 


n=1 


Thus >> ,f°.ga(x)dp.(x) converges absolutely and uniformly in a, 
and it follows that 


(16) 
=D] g(x)dp,(z), 


the last step being justified by the theorem on dominated conver- 


3 
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gence. Combining (14), (15) and (16), we obtain (2). This proves the 
theorem under hypothesis (c). 

To complete the proof of the theorem we need the following 
lemma. 


Lemma. Let p,(x) satisfy the conditions of the theorem. Suppose (2) 
ts true for all bounded functions g(x) of Baire class less than a. Then 
(2) is true for all bounded functions g(x) in the class a. 


Let f(x) be any convergent sequence in a Baire class a;<a such 
that f(x) is uniformly bounded. Let lim;_.. f(x) =f*(x). Clearly f*(x) 
is also bounded. By hypothesis, we have 


(17) f = 


n=1 


for j7=1, 2, ---.By a theorem on bounded convergence, we have 


18 im s(x)dp(x) = 
(18) lim [re (2) 
Consider also 


n=1 


n=1 


where F is u.b.cczcas ---|f(x)|. Hence 
converges absolutely and uniformly in 7. Therefore 


= f*(x)dp,(x). 


Combining equations (17), (18) and (19), we get 


= f p*(x)dp(a), 


— 


which completes the proof of the lemma. 
Finally we return to the original hypothesis. It is known’ that the 


7 For example, see de la Vallée Poussin, Intégrales de Lebesgue (Borel Monograph), 
1916, pp. 36, 37. 
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set of bounded functions in classes 0, 1, 2, - -- of Baire is the same 
as the set of bounded Borel measutable functions. Under (c) we have 
proved the theorem for any bounded continuous function, that is, 
for bounded functions in class 0 of Baire. By the lemma it holds then 
for functions in classes 0, 1,2, - - - of Baire and hence for all bounded 
Borel measurable functions. This completes the proof of the theorem. 

We note in the theorem above that the boundedness of g(x) was 
sufficient to insure the existence of the integral {°.g(x)dp(x), pro- 
vided that p(x) satisfied the conditions of this theorem. Now we shall 
prove a partial converse of this. 


THEOREM. Let g(x) be a given Borel measurable function defined 
everywhere in (— ©, ©), with the property that [°.g(x)dp(x) exists*® 
whenever p(x)GV. Then g(x) is bounded everywhere in (—, ~). 


Let E, be the set of points x for which »<g(x)<n+1. We shall 
show that the family of non-empty sets E,, is finite. 

Suppose the contrary. Then there must exist an infinity of distinct 
Xn, since E,, are mutually disjoint. Consider a particular sequence 


Xnqy * * » ONC Xp, from each non-empty 
At this point let us note that given any sequence of integers 
--- there exists a number & such that di- 


verges and + Pe /n§** converges. In class L put all real numbers p 
such that }>2,1/n? is divergent. Put all others in R-class. To the 
R-class belongs the number 2. The number 0 belongs to the L-class. 
If » belongs to L, then all numbers less than p also belong to L. Thus 
we have a Dedekind cut. Let c be the number defined by this cut. 
Then diverges, while converges. Hence 
£=c—1/2 satisfies the required condition. 

With this in mind, let us return to the proof of the theorem. Using 
the sequence x,, defined previously let us form the function 


1 
p(x) = Gd Den 


0, 
Wa(x) = { 


1, 


where 


and £ is such a number that }>-751/(m;+1)# converges and 
diverges. 
Since w,,(x) is right-continuous and the series uniformly conver- 


5M. H. Stone, Linear transformations in Hilbert space, Amer. Math. Soc. Col- 
loquium Publications, vol. 15, 1932, p. 206. 
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gent, p(x) is also right-continuous. Also p(x) is a monotone increasing 
function. To show that p(x) € V, we make use of the theorem proved 
earlier. In fact we have 


1 

(ni + 1)! 

1 

imo (m; + 
To complete the proof of this theorem it is sufficient to show that 

J eg(x)dp(x) does not exist for this p(x). Let 


g(x), if |g(x)| <M, 
0, otherwise. 


den 


= 
Then 


1 


1 
= Xn; 
| 
Ni 
+ 
the first step being justified by the first theorem. Hence 
lim 
M=n (nj + 


which proves that the integral does not exist, since the series 
was constructed to be divergent. 


n 
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DECOMPOSITIONS OF A 7, SPACE 
B. H. ARNOLD 


Introduction. Several authors have proved theorems of the type: 
The “structure” of a ‘certain class of transformations defined on a 
“suitable” space A to a fixed “suitable” space B “determines” the 
space A. 

As examples, we have: 

Banach [3, p. 170, see also 6, 7, 13]:! The Banach space of all real, 
continuous functions defined on a compact metric space A “deter- 
mines” A. 

Eidelheit [5, see also 2, 10, 11]: The ring of all bounded operators 
on a real Banach space A “determines” A. 

In the present paper, we prove an analogous theorem (Theorem 
2.5). Intuitively, it says that a 7; space A is “determined” by a 
rather weak ordered system structure of the collection of all continu- 
ous mappings of A onto an arbitrary (variable) 7; space B. More 
exactly, it states: If two 7; spaces A, B are such that the ordered 
system of upper semi-continuous decompositions of A is isomorphic 
to that of B, then A and B are homeomorphic. 

In §1 we give a discussion of ordered systems which is sufficient 
for our purposes. In §2 we prove the theorem mentioned above. In 
§3 we characterize separation and connectedness properties of a 7; 
space in terms of order properties of its upper semi-continuous de- 
compositions. In §4 we discuss compactness properties of the space 
and their relations to order properties of the decompositions, and in 
§5 we give some examples and counter examples. 


1. Ordered systems.” We assume that the reader is fairly familiar 
with the nomenclature of ordered systems and lattices. 

An ordered system is a collection, M, of elements, D, with an order- 
ing defined in M. That is, there is given a binary relation, >, which 
is defined for some pairs of elements in M, and which is transitive, 
reflexive, and proper. 

We use less than and greater than to refer to the ordering in M; 
contains will be used only in the point set sense. 

Most of the ordered systems we consider will be directed and will 
contain atoms. Throughout the paper, we use the letters a, b, c for 


Presented to the Society, April 23, 1943; received by the editors February 11, 
1943, and, in revised form, March 22, 1943. 

1 Numbers in square brackets refer to the bibliography at the end of the paper. 

? For a more complete discussion, see (4, 12, 14]. 
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atoms of ordered systems. 

A multiplicative system is an ordered system in which each pair of 
elements has an inf; we use o-complete and complete in the usual 
sense. 


THEOREM 1.1. A complete multiplicative system M with a unit is a 
complete lattice. 


For any non-empty collection {D.} of elements of M, define? 
= {D| D> D,, all a}. 


Since M has a unit, {D|D>D., all a} is not empty, and D’ exists; 
also, from the definition of /\, D’>D, for all a. Suppose D’’>D, for 
all a. Then 


= A {D|D>D.} =D” A (A {D| D> Da, D # < D” 


so that D’=\/D, and M is a complete lattice. 

Two ordered systems M, M’ are isomorphic if there is a one-to-one, 
order preserving correspondence between them; that is, if there exists 
a one-to-one mapping f(M)=M’ such that D’<D” is equivalent to 
f(D’) <f(D”). 

Some examples of ordered systems which we shall use in the sequel 
are: 

1. The collection of all open neighborhoods of a fixed point of 
any topologicai space, ordered by point set inclusion. That is, U<V 
means UC V. This system is directed both by > and by < (< is 
the “interesting” direction), in fact, it is a lattice. It contains a unit, 
but usually not a zero, and even if it has a zero, it may contain no 
atoms. 

2. The lattice of all closed subsets of a 7; space, again ordered by 
point set inclusion. Since this lattice is complete, it has a zero and a 
unit. The closed sets containing just one point are atoms, and these 
are the only atoms. 


2. The reconstruction of S from M. Throughout the paper, S will 
denote a topological space which contains an infinite number of points 
(four points would be sufficient), and in which each subset containing 
exactly one roint is closed; that is, S is a T; space. By a decomposi- 
tion of S we shall mean a collection of non-empty, closed, disjoint 
subsets of S whose union is S. 


DEFINITION 2.1. A decomposition of S is upper semi-continuous 


3 We use \/, /\ for sup, inf; \U, (\ for union, intersection, respectively; and 
{p|q} for the set of all elements p with property g. 
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(u.s.c.) if, for any set X of the decomposition and any open set UDX, 
there exists an open set VDX such that any set of the decomposition 
which meets V is contained in U. 


It is well known that every upper semi-continuous decomposition 
(u.s.c.d.; the same abreviation will be used for the plural) of S gives 
rise to a continuous mapping of S onto a 7; space—the Zerlegungs- 
raum of Alexandroff and Hopf [1, p. 61 ff.]. Thus any statement con- 
cerning u.s.c.d. may be interpreted as a statement about continuous 
mappings of S onto a 7; space. 

Let M={D} be the ordered system of u.s.c.d. of S, where D’ <D” 
means each set of the decomposition D’ is contained in some set of 
the decomposition D’’. It is easy to see that M has a zero, 0, (the 
decomposition of S into the single points of S) and a unit, J, (the 
decomposition of S into the single set S) and is therefore directed 
both by > and by <. However (Example 5.3), M is in general not a 
multiplicative system. 

If x., Ya are any two distinct points of S, the decomposition of S 
which consists of the set x.uya and the single points of S—(x.uya) is 
u.s.c. and is an atom of M. Conversely, any atom of M has this form. 
We shall say that a is generated by Xa, ya; the generators of an atom 
are unique, and completely determine the atom. Even though M is 
not necessarily a lattice, it is clear that \/a; (¢=1, 2, - - - , m) exists 
for any finite number of atoms and a;Aa;=0 if a;¥a;. 


DEFINITION 2.2. Two atoms a, b are concurrent, in symbols, a~b, 
if and only if it is false that a\/b is greater than exactly two atoms. 


THEOREM 2.1. A necessary and sufficient condition that a~b is. that 
(xaUVa) (xsuyo) #0 (a; b generated by xa, Yas Xv, Yo respectively). 


Note. From this theorem, it will be observed that the relation ~ 
is reflexive and symmetric but not, in general, transitive. 

Sufficiency. We may assume x,=x». Then either ys=yp, so that 
a=b=aVb and aVb is greater than just one atom, or yap. In the 
latter case, a\/b is the decomposition of S into x.uyauy and the single 
points of S—(x,uyauys). But then there are three distinct atoms, 
namely a, b, and the atom generated by ya, y», which are less than 
aVb. 

Necessity. Suppose a and 6 are not concurrent, then ab since 
otherwise a\VVb=a and is greater than just one atom. But we have 
seen above that if a#b and (x.uya)n(xsuye) 0, there are three atoms 
less than a\V/b. Therefore, since a\/b is greater than only two atoms 
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by hypothesis, we must have 
U Ya) Yo) = O. 


DEFINITION 2.3. An u.s.c.d., D, of S is trivial if, for any two atoms 
a, b less than D, there exists an atom c less than D satisfying a~c, b~c. 


THEOREM 2.2. An u.s.c.d., D, of S is trivial if and only if it consists 
of single points of S except for one closed set X (which may be empty, 
but cannot contain just one point). We say that D is generated by X, 
and use the notation Dx for it. 


Sufficiency. We may suppose X 0, since otherwise D=0 and is 
trivial. If a, b are any two atoms less than D, the atom c generated 
by xa, ¥» (which will be distinct points under suitable labeling) satis- 
fies our requirements. 

Necessity. If there are two sets X, Y of the decomposition D, each 
containing at least two points, say Xa, X, xs, then a, are 
two atoms less than D such that no atom c less than D satisfies a~c, 
b~e. 


DEFINITION 2.4. An infinite collection of atoms of M is a C-set if 
each pair of atoms of the collection are concurrent. 


Let us order the C-sets of M by inclusion, that is C’>C’’ if each 
atom in C’’ is also in C’. Then by Zorn’s Lemma (or see below) there 
exist maximal C-sets. We denote the collection of all maximal C-sets 
of Mby S’. 


THEOREM 2.3. There is a one-to-one correspondence between the points 
of S and the maximal C-sets of S’. 


Let x be any point of S and define f(x) as the collection of all 
atoms generated by x, y for arbitrary yGS—x. Then, by Theorem 2.1, 
f(x) is a C-set. (It is infinite since S has an infinite number of points.) 
Moreover, it is a maximal C-set, for if C’ is any C-set containing f(x), 
and c’EC’, then (Theorem 2.1) one of the generators of c’ must be x, 
and c’Ef(x). Thus f(x) is a single-valued transformation of S into S’. 

The inverse function f-! is single-valued. For, if f(x)=f(y), then 
any atom of M which has x as a generator also has y as a generator, 
andx=y. 

f(S) covers S’. For, if C is any maximal C-set, and a, 6 are any two 
distinct atoms in C, then a~b and we may suppose x.=%s, Ya ¥s- 
Now, if ¢ is any atom in C, we must have 


U Ya) N(%e U Ye) (KOU Yo) (Xe U Ye) 
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so that (with suitable labeling) either (1) x. =x.=%s, or (2) x.=y, and 
¥-=y». But the latter case is impossible because C must contain an 
infinite number of atoms whereas if (2) holds no atom of M—(aybuc) 
can be concurrent with each of a, b, c. Thus (1) is the case, and 


f(x.) =C. 


THEOREM 2.4. If M is the ordered system of all u.s.c.d. of a T; 
space S, then, using only the order properties of M, a T; space S’ may 
be defined which is homeomorphic to S. 


The points of S’ will be the maximal C-sets of M. A subset, Q, of S’ 
will be closed if either (1) Q consists of exactly one point of S’, or 
(2) there exists a trivial decomposition, D, of S such that Q is the col- 
lection of all maximal C-sets which contain at least one atom less 
than D. 

It is easy to see that S’ is a T; space. We prove that the transforma- 
tion f(S)=S’ defined in the proof of Theorem 2.3 is a homeomor- 
phism. We must only show that f and f—! are closed. 

Let X be any closed subset of S which contains more than one 
point. Then the closed subset of S’ given by condition (2) above with 
D=Dy is exactly f(X). 

Conversely, if X’ is closed in S’ and contains more than one point, 
and if Dx is the trivial decomposition given by condition (2) above, 
then f-1(X’) =X. 

Since both S and S’ are T; spaces, f and f-! are closed and f is a 
homeomorphism. 


THEOREM 2.5. A necessary and sufficient condition that two T; spaces 
be homeomorphic is that their ordered systems of u.s.c.d. be isomorphic. 


The proof is immediate from Theorem 2.4. 

3. Separation properties of S. 

THEOREM 3.1. If S is normal, M is a multiplicative system. 

Let D’={X}, D’’={ Y} be any two elements of M, and define 
D={XnY|XED,YED",Xn¥Y #0}. 


Clearly D is a decomposition of S; we show that it is u.s.c. If 
XnYE€D and U is any open set containing XnY, then X-—U, Y—U 
are closed, disjoint subsets of S so that there exist open, disjoint sub- 
sets W’,W”’ containing them, respectively. Now UU W’DX,UUW" DY 
and, since D’, D’’ are u.s.c., there exist open sets V’)X, V’’D Y such 
that any set of D‘® which meets V“® is contained in UUW (¢=’, ’’). 
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Set V=V'nV"”’. Then, if X’nY’ is any set of D which meets V, we 
have 
X’nV’ and X’CUvuW, 
Y’nV"” #0, and Y’CUvuW", 
so that 
X’nY’C(UuW) n(UuW”) = 


and D is u.s.c. Clearly D=D’AD"’. Hence, M is a multiplicative 
system. 
The converse of Theorem 3.1 does not hold. See Example 5.2. 


DEFINITION 3.1. Two trivial u.s.c.d. of S, D’, D’’ are concurrent, 
in symbols D'~D"', if some atom less than D’ is concurrent with some 
atom less than D’’. 


Notice that the trivial decomposition zero is not concurrent with 
any decomposition, and if D’, D’’ are atoms, Definition 3.1 agrees 
with Definition 2.2. 


THEOREM 3.2. A necessary and sufficient condition that two nonzero 
trivial decompositions Dx, Dy be concurrent is that XnY#0. 


Sufficiency. Let xEXnY, ye Y—x, 2€X —x. The atoms generated 
by x, 2; x, y are less than Dx, Dy respectively, and are concurrent, 
so that Dy~ Dy. 

Necessity. If Xn Y=0, then no atom less than Dx can be concur- 
rent with any atom less than Dy, so that Dx and Dy are not concur- 
rent. 


DEFINITION 3.2. Two nonzero, trivial decompositions D’, D'’ run 
over M if each atom of M is concurrent with at least one of D’, D’’. 


THEOREM 3.3. A necessary and sufficient condition that two nonzero, 
trivial decompositions, Dx, Dy run over M ts that S—(XuY) contains 
at most one point. 


If S—(XuY) contains two distinct points x, y, then the atom gen- 
erated by x, y is not concurrent with either Dx or Dy. 

If S—(XuY) contains zero or one points, then any atom of M 
must have one of its generators in Xu Y and, by Theorem 3.2, must 
be concurrent with either Dx or Dy. 


THEOREM 3.4. S is a Hausdorff space if and only if, for any atom 
a€M, there exist trivial decompositions D', D'’ which run over M, such 


that 
D'’~a,a~D",D >a at D". 
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Suppose S is a Hausdorff space, and let a be any atom of M. Then 
Xa, Ya have disjoint neighborhoods U, V, and X=S—U, Y=S—V 
form a closed covering of S. The trivial decompositions Dx, Dy satisfy 
the conditions of the theorem. 

Conversely, if xa, ¥. are any two distinct points of S, let a be gen- 
erated by xa, ya, and let Dx, Dy be the trivial decompositions satisfy- 
ing the conditions of the theorem. Then (under suitable labeling) 


Xn(S—Y), ya n(S — X) 


and U=S—X, V=S—Y are neighborhoods of x,, y. respectively. If 
S—(XuY) is empty, UnV=0, if S—(XuY) contains just one point, 
z, then z is an isolated point and U—z, V—z are disjoint neighbor- 
hoods of xa, Ya, So that S is a Hausdorff space. 

The proofs of the following theorems are similar to the proof of 
Theorem 3.4, and will not be given here. 


THEOREM 3.5. S is regular if and only if, for any nonzero trivial 
decomposition D, and any atom a not concurrent with D, there exist 
trivial decompositions D’, D'' which run over M and such that D'>a, 
a is not concurrent with D''’, D’ is not concurrent with D, D<D". 


THEOREM 3.6. S is normal if and only if, for any two nonzero trivial 
decompositions D’, D'’, such that D’ and D"’ are not concurrent, there 
exist trivial decompositions D''’, D'''' which run over M such that 
D'">D’', D’ is not concurrent with D’'’’, D'"’ is not concurrent 


THEOREM 3.7. S has at least one isolated point if and only if one of the 
following two equivalent conditions is fulfilled. 


(I) There exists a trivial decomposition D, and an atom a <D which 
run over M. 

(II) There exists a nonzero trivial decomposition D and an atom 
a <D such that, for any atom b, b <D implies b~a. 


THEOREM 3.8. S is connected, except possibly for one isolated point, 
if and only if every two trivial decompositions which run over M are 
concurrent. 


4. Compactness properties of S. 


THEOREM 4.1. If S is a compact! Hausdorff space, then M is a com- 
plete lattice. 


* A topological space is compact if every open covering has a finite subcovering or, 
equivalently, if every collection of closed subsets whose intersection is empty contains 
a finite subcollection with empty intersection. 


1943] DECOMPOSITIONS OF A 7; SPACE 775 


By Theorem 1.1, we need only show that M is a complete multi- 
plicative system. Let {D,} be any non-empty collection of u.s.c.d. 
of S and set 


D= {0 Da 0h. 


Clearly D is a decomposition of S; we show that it is u.s.c. If X =Xq 
is any set of D and U is any open set containing X, then each of the 
sets X.— U is closed and their intersection is empty. Since S is com- 
pact, there must be a finite number of the sets X.—U whose inter- 
section is empty, say 


A\ (Xa, U) = 0. 
i=l 


But S is normal, hence there exist open sets Wi)X.,—U (t=1, 
2,- ++, ) such that (\W;=0. Now for each i, UUW; is an open set 
containing X,, and, since each D, is u.s.c., there exist open sets 
ViDXa; such that any set of D.; which meets V; is contained in 
UuW;. Set V=(\V;. Then VX, and any set of D which meets V 
is contained in U. For, if X’=(\X/ meets V, then X23, V;+0, and 
i=1, 2,--++, m, so that 


Xa, CA (Uu = U. 
a i=1 t=1 

Thus D is an u.s.c.d. of S. Clearly D=/AD., and M is a complete 

lattice. 


TueEoreM 4.2. If S is regular, and each set of the u.s.c.d. D={X} 
is compact, then DAD’ exists in M for any D'’={Y} EM. 


In the proof of Theorem 3.1, the only use which we made of the 
normality of S was in concluding that, since X—U, Y—U were 
closed, disjoint subsets of S, they could be separated by disjoint 
open sets W’, W’’. Suppose X is compact and S is regular, then, for 
each point x€X — U, there exist disjoint open sets V,, W, containing 
x, Y—U respectively. Since X is compact, a finite number, say 
V., of the V. cover X—U and 


W=UV.,, W"=OW,z, 
é 


are disjoint open sets containing X —U, Y—U respectively. 


THEOREM 4.3. If Sis a Hausdorff space and D', D"’ are two u.s.c.d. 


= 
= 
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of S such that each set of either decomposition is compact, then D’\D" 
exists in M. 


The proof is similar to that for Theorem 4.2 and will not be given. 

The author believes that the compactness hypotheses in Theo- 
rems 4.2, 4.3 are necessary, but has been unable to construct an ex- 
ample to prove their necessity. However, Example 5.3 shows that the 
separation hypotheses cannot be dropped. 


THEOREM 4.4. If Sis metric, then a necessary and sufficient condition 
that M be a complete lattice is that S be either discrete or compact. 


By Theorem 4.1, if S is compact metric, M is a complete lattice; 
if S is discrete metric, then any decomposition’ of S is u.s.c. and M 
is a complete multiplicative system, hence, by Theorem 1.1, a com- 
plete lattice. 

If S is metric but neither discrete nor compact, there exist two se- 
quences of distinct points, x;, y; such that lim x;=x, { yi} has no limit 
point. Then the set 

Y = xu (Ux) u (Uys) 


is closed. Let a; be the atom of M generated by x;, y;, then D=\V/a; 
does not exist in M. 

For suppose DEM. Consider the u.s.c.d. D, (n=1, 2,---) 
consisting of the sets (1) single points of S—Y, (2) the m sets 
X1UY1, X2UY2,°°*, XaUYn, (3) the set Each 
D,,>a; for all ¢, hence D<D, for all n. Thus the decomposition D 
must have the single point x as one of its sets. But then D is not 
u.s.c. since each neighborhood of x meets all but a finite number of 
the sets x,uy; of D, whereas the neighborhood S—(Uy;) of x does not 
contain any of the sets x;uyi. 

In this connection, see also Examples 5.1, 5.2, 5.4. 


5. Examples. In this section we give several examples which have 
been referred to in the other sections of the paper. No proofs will be 
given. 

ExaMPLE 5.1. S is the real line. M is not a o-complete multiplica- 


tive system. 
For each n >1, let 


D, = {1/2 (V1/i) vou(Vi), 


i>n i>n 


and single points of S elsewhere 7. 
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Then AD, does not exist in M. See Theorem 4.4. 


EXAMPLE 5.2. S is not discrete, not compact, not a Hausdorff space. 
M is a complete lattice. 
Let S be the set of real numbers with “closed set” defined as (1) the 
‘whole space or (2) any countable (empty, finite, or denumerable) 
subset. Any decomposition of S is u.s.c. See Theorems 3.1, 4.4. 


EXAMPLE 5.3. S is compact, not a Hausdorff space. M is not a 
multiplicative system. 
Let S be the point set of the xy-plane consisting of the two line 


segments 
Li: y= i, |x| $1, i= 1,2, 


but the topology of S is not its relative topology. The closed subsets 
of S are any finite union of the sets (1), single points of S, or (2), any 
subset of S which is closed in the topology of the xy-plane and con- 
tains its projection on L; (¢=1, 2). (Intuitively, (2) says: any set 
which is the union of the “same” two “closed” subsets of the seg- 
ments L, Let 


a,=(—1/i,0), 5: =(1-—1/i,0), 
Y = U (a;u bi) u (0, 0) u (0, 1) u (1, 0) u (1, 1), 
and set 
D’ = {single points of S — Y, (0, 0) u (1, 0), 
(0, 1) u (1, 1), (a; = 2, 3,--+ )}, 
D” = {single points of S — Y, (0, 0) u (1, 1), 
(0, 1) u (1, 0), (ai u bi) = 2, 3,---)}. 
Then D’AD” does not exist in M. See Theorems 3.1, 4.1, 4.2, 4.3. 


EXAMPLE 5.4. S is the xy-plane. M is not a lattice. 


Let 
Y= WU (1/n, m/n), 
m,n>0 
and set 


D = { single points of S — Y, (1/n, m/n) u (1/n, (m + 1)/n) 
(n = 1, 2,--- ;m = 1,3,5,---)}, 


= {single points of (S — Y) u (U (1/n, 1/n)), 


(1/n, m/n) (1/n, (m + 1)/n) (n = 1, 2,--+ = 2,4,6,--- 
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Then D’VD” does not exist in M. See Theorems 3.1, 4.1, 4.4. 

In a future paper, the author will discuss an interesting related 
problem which was suggested to him by A. D. Wallace. Namely: 
Characterize intrinsically those ordered systems which are “M’s” for 
some space S from a specified class, for example S compact Haus- 
dorff. 
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PuRDUE UNIVERSITY 


THE ADDITIVITY OF THE LEBESGUE AREA 
J. W. T. YOUNGS 


A triple of continuous functions T: x‘(u', u*), i=1, 2, 3, defined 
on a closed square Q [0<u!S1, 0Su?<1] represents a surface S 
(1.6, 1.17, 1.21). If r is any closed rectangle in Q then we may speak 
of the triple T, consisting of the above triple T with its range of defini- 
tion restricted to r. This triple generates a surface G(r). If 7; and rz 
have no interior points in common, and 7:+72=Q, it is natural to 
hope that L(S) = L(S(n)) +L(S(r2)) where L is the symbol used to 
indicate the Lebesgue area (3.13). This statement is certainly true 
whenever the Lebesgue area is given by the standard integral for- 
mula, since the Lebesgue integral is additive. However, in general it 
is false. It may be said that this note is concerned with the statement 
that if the triple is constant on 7-12, the Lebesgue area is additive. 

Stated in this fashion the theorem may appear to be new. Actually 
it is but a very special case of a fundamental problem in the theory 
of area. The classical conjecture is that the area is additive under the 
much weaker requirement that the triple be rectifiable on 7;-r2. No 
proof of this conjecture has, to our knowledge, appeared. (In this 
connection see McShane [1, p. 138].) 

In relation to existing literature the theorem of this note is in- 
cluded in a more general theorem due to Morrey [1]. In fact, the 
first case in Morrey’s proof [1, p. 314] is essentially the theorem 
of this paper. A discrepancy in his argument was rectified by Radé 
and Reichelderfer [1] in an independently interesting discussion of 
stretching processes. 

This result, therefore, is not new. 

The point of this treatment is the utter simplicity of the stretching 
process here employed. The development serves to make a known 
result more accessible. 


THEOREM 1. If a polyhedron $ (3.11, 1.21) has a quasi-linear (1.7) 
representation T: x(u), u€Q, such that the image of the side s [u'=1, 
O0<u?S1\ is interior to a sphere of diameter less than ¢€ about the point 
a [a', a®, a*], then there exists a polyhedron $* with quasi-linear repre- 
sentation T*:x*(u), u€Q, such that 
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(1) E(P*) = E(P).? 
(2) x*(u) =a for uEs. 
(3) ||x*(u) —x(u)|| <e, hence d(B*, B) <e (1.1, 1.22). 


Proor. Define x.(u'!, u?)=x(au', u*), a>1. Since T is continuous 
we may choose so that —x(u)|| <e, for uER.[0Su'S1/a, 
0<u?<1], and further the image of S=Q—R, under T is in a sphere 
of diameter less than ¢ about a. The representation x.(u) is certainly 
quasi-linear in R,. 

Define x*(u) to be equal to x.(u) on Ra. Now x*(u) is a quasi-linear 
representation of $ on Rg. 

We have yet to define x*(u) on the rest of Q. There is a set of in- 
tervals J;, - - - , In-gon [u'=1/a, 0Su?S1] such that x*(u) is linear 
on each of them and consecutive J’s abut. Their end points, in order, 


are 
po[1/a, 0], pn-2[1/a, 1]. 


Add to this sequence p,-1[1, 1] and ,[1, 0]. 

Let p be the point [(a+1)/2a, —1] and consider the segments 
(p, pr), R=1, -- -, m—1. Each segment cuts [1/aSu'S1, u?=0] in 
exactly one point gx. Join px to gis1, R=1, - - - , m—2. The rectangle 
S is now subdivided into 2 —2 triangles whose vertices are in the set 

The triple x*(u) has been defined at the vertices fo, - - +, Pn-2. 

Let x*(p,-1) =x*(p,) =a, and x*(qx) =x*(p.), R=1,---,m—1. 

Since the mapping is defined at the vertices of each triangle of the 
subdivision there is a unique linear extension over each triangle. The 
extensions will match along the side two triangles may have in com- 
mon, and hence we have a quasi-linear* extension on S. Define x*(u) 
over S to be this extension. 

Now T*:x*(u) is quasi-linear on Q and so represents a poly- 
hedron ¥*. 

It is important to notice that the map of each of the triangles in S 
is a segment or a point and hence contributes zero area. Therefore 
E(P*) =E(P). 

Secondly, x*(u) =x*(p,) =a for uEs. 

Finally, T*(S)CT(S)+[the segment from T(p,-1) to a]. But T(S) 


2 E($) is the elementary area of the polyhedron §, that is, the area in the ordinary 
geometric sense. It is not necessary, for the purpose of this note, to know that this 
coincides with the Lebesgue area. The fact that this is so, though sometimes ignored, 
is by no means obvious (3.20). 

3 It is important to notice that a quasi-linear representation need not be a map 
which carries each triangle of the subdivision into a nondegenerate triangle. The point 
set covered by a quasi-linear map may, for example, be a single point. 
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is contained in the sphere of diameter ¢ about a. Therefore T*(S) is 
in the same sphere. Now in view of our choice of a@ it follows that 
—x(u)|| <e for wEQ. 

REMARK. The theorem may be stated with any rectangle R replac- 
ing the square Q. 

Let us turn at once to see how this stretching process is applied 
in the proof of the additivity result. 

Consider a continuous triple T: x(u), w€Q. Let Q be divided 
by a line into two rectangles R,; [OSu'Sc, OSu?S1] and 
Rz [cSu'S1, OSu?<1]. Let T; be the triple x(u), Ri, i=1, 2. 
Now T is a representation of a surface S, while T; is a representation 
of a surface ©;, i=1, 2. It is both well known and easy to see that 
L(S) 2 L(S1) + L(G). The reverse inequality is usually false. We are 
interested in a case in which it is true, making the Lebesgue area 
additive. 


THEOREM 2. If x(u) 1s constant on u1=c, then L(S) = + L(G). 


Proor. Grant, for the moment, the existence of two sequences 
of polyhedra {,B,} and {2%,}, having the property that for i=1, 2, 
and each ;$, has a quasi-linear representation «x,(u) 
on R; such that || an (u) —x(u)|| <1/n for 

The justification of this will be taken up presently. 

It is enough to obtain a sequence of polyhedra {$,} with quasi- 
linear representation x,(u) on Q such that E(%,) is within 1/n of 
and 

As a matter of fact, we are going to obtain the stronger result, 
E(Pn) =E(s$n) +E($,), and 

The theorem will then follow, since by the definition of the Lebesgue 
area, L(S) Slim inf E(P,)=lim inf [EGB.) +E(B.)|=lim 
+lim E(@$,) =Z(S1) +L(S). 

The process by which the sequence of polyhedra { $,} is obtained 
is based on Theorem 1. Were we to define x,(u) to be x,(u) on R; the 
xn(u) would fail to represent the required sequence of polyhedra only 
by virtue of the fact that continuity, in general, would be lacking 
along u!=c. Theorem 1 essentially enables us to alter 1x,(u) and 
2n(u) slightly as to position and not at all as to area so that they will 
match along u!=c. 

Consider any and its quasi-linear representation x,(u), uC R;. 
Theorem 1 guarantees the existence of a polyhedron ,¥,* with quasi- 
linear representation x,*(u), u€R;, such that: 

(1) 


(2) «*(u) =x(u), a constant, on [u!=c, O<u?<1)]. 
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(3) || <2/n. 

Now define T,:x,(u) = «.*(u), 2. 

This is a continuous triple due to condition (2), and so it is a quasi- 
linear triple representing a polyhedron $,. We shall show that {,} 
has all the desired properties. 

First, E(B.) =E(:Bn)+E(2Bx) since the elementary area is addi- 
tive. 

Next, for 2: 


— = — x(u)|] on R; 
|| (xe) i%n(u)|| + || (10) — x(u)\) on R; 
< 2/n+1/n on Q. 


Therefore x,(u) converges uniformly to x(u) on Q and hence {%,} 
certainly converges to ©. 

It now remains but to consider the statement deferred in the first 
paragraph of the proof. 

Briefly the problem amounts to this: Given a representation x(u) of 
a surface S on a rectangle R we need to know that there exists a poly- 
hedron J whose area is close to the area of S and admits of a quasi- 
linear representation on R which is close to the given representation of S. 

Given e>0, by the definition of the Lebesgue area (3.13) there is 
a polygon such that S)<e and | E($)—L(S)| <e. 

Since $ is a polyhedron it has a quasi-linear representation £(x), 
u€B. The set B is the closure of a Jordan region with polygonal 
boundary. The set B may be R but this is by no means certain, or 
even useful. By the definition of distance (1.17) there is a topological 
transformation 7(R) =B such that ||-(u) — #(r(u))|| <e. 

The continuity of #(u) guarantees that there is a 6>0 such that 
all maps u(R) =B satisfying ||4(u) —r(u)|| <6 have the property that 
|] #(u(u)) — #(r(u))|| <e. Hence || — #(u(u))]| <2e. 

We can select u(u) so that in addition to satisfying the above inequality 
it ts quasi-linear and topological on R. The proof of this assertion fol- 
lows as a result of some remarks of Franklin and Wiener [1, pp. 
764-766]. 


LEMMA (FRANKLIN AND WIENER). Given e>0 and a topological 
transformation t(s)=S (where s and S are closed squares) we may 
subdivide s and S into corresponding convex polygons --- having the 
property that any topological transformation p(s)=S which maps each 
polyhedron of s onto the corresponding polyhedron of S is at a distance 
less than from 
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The reader will readily make the necessary adjustments from s to R 
and S to B. The convex polygons mentioned above may be chosen 
as triangles and a yu may be exhibited which is linear on the triangles 
of R. 

Now #(u()) is clearly quasi-linear on R. Moreover, it is a repre- 
sentation of $, and so $ has a quasi-linear representation on R within 
2¢ of the given representation of S. Since | E($) —L(S)| <e the proof 
is complete. 

We have incidentally proved the independently important theo- 
rem: 


THEOREM 3. Any polyhedron has a quasi-linear representation on a 
rectangle. 


REMARK. The square Q in the additivity theorem can be replaced 
by a simply connected Jordan region and its boundary, the dividing 
line can then be replaced by any crosscut on which the triple is 
constant. 

It is possibly of some interest, in conclusion, to compare the sur- 
face stretching done here in Theorem 1 with that of the paper by 
Radé and Reichelderfer. Briefly, their process stretches a surface 
directly towards a fixed point. Each point of the surface sufficiently 
close to the fixed point is moved along the ray to the fixed point. The 
stretching is managed, however, so that the increase in area, though 
generally positive, is ingeniously kept within bounds. Here the 
stretching is by no means directly towards the fixed point, and it is 
precisely the rather circuitous route taken to the point which enables 
us to keep the added area equal to zero. If a polyhedron undergoes 
their stretching process it will, in general, no longer be a polyhedron; 
the stretching done here will preserve the polyhedral character of the 
surface. On the other hand their stretching process applies to situa- 
tions which this cannot touch. For example, it will deal with the case 
in which 7; is a square interior to Q, the set rz=Q—n, and the triple 
is constant on 7-f2. 
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PuRDUE UNIVERSITY 


SOLUTION OF THE ‘“PROBLEME DES MENAGES” 
IRVING KAPLANSKY 


The probléme des ménages asks for the number of ways of seating n 
husbands and m wives at a circular table, men alternating with 
women, so that no husband sits next to his wife. Despite the consid- 
erable literature devoted to this problem (cf. the appended bibliog- 
raphy), the following simple solution seems to have been missed. 

It is convenient first to solve two preliminary problems, perhaps 
of some interest in themselves. 


Lema 1. The number of ways of selecting k objects, no two consecu- 
tive, from n objects arrayed in a row 1S n-%41Ck. 


Let f(n, k) be the desired number. We split the selections into two 
subsets: those which include the last of the » objects and those which 
do not. The former are f(m—2, k—1) in number (since further selec- 
tion of the second last object is forbidden); the latter are f(m—1, k) 
in number. Hence 


f{(n, k) = f(n — 1, k) + f(n — 2, k — 1), 


and, combining this with f(m, 1) =, we readily prove by induction 
that f(n, k) 


Lemma 2. The number of ways of selecting k objects, no two consecu- 
tive, from n objects arrayed in a circle is ,-~xCyn/(n—k). 


This differs from the preceding problem only in the imposition of 
the further restriction that no selection is to include both the first 
and last objects; and the number of such selections which are other- 
wise acceptable is f(n—4, k—2). Hence the desired result is f(n, k) 
—f(n—4, 
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We now restate the probléme des ménages in the usual fashion by 
observing that the answer is 2m!u,, where u, is the number of per- 
mutations of 1, - - - , m which do not satisfy any of the following 2” 
conditions: 1 is ist or 2nd, 2 is 2nd or 3rd, - - - , m is mth or 1st. Now 
let us select a subset of k conditions from the above 2m and inquire 
how many permutations of 1, - - - , 2 there are which satisfy all k; 
the answer is (n—k)! or 0 according as the k conditions are compat- 
ible or not. If we further denote by v; the number of ways of selecting 
k compatible conditions from the 2n, we have, by the familiar argu- 
ment of inclusion and exclusion, un=).(—1)*v.(n—k)!. It remains to 
evaluate v;, for which purpose we note that the 2” conditions, when 
arrayed in a circle, have the property that only consecutive ones are 
not compatible. It follows from Lemma 2 that 9, =2n-4C;,2n/(2n—k), 
and hence 


2n Cul 2n 
n-2 


— 2)! — 


Un = n! — 


From this result it follows without difficulty that u,/n!—e-? as 
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THEORY OF INTERSECTION OF TWO PLANE CURVES 
CHUAN-CHIH HSIUNG 


1. Introduction. This paper is concerned with the study of the pro- 
jective differential geometry of two plane curves intersecting at an 
ordinary point. The method used is similar to the one given by the 
author’ in a previous paper. 

In §2 we show the existence of two projective invariants J, J de- 
termined respectively by the fourth order of the two curves at the 
point of intersection. 

In §3 by introducing a certain covariant triangle of reference asso- 
ciated to the two curves at the point of intersection, we reduce the 
invariants I, J to simpler form and give them geometrical character- 
izations. 

Finally, in §4 a covariant point is suitably chosen for the unit point 
of the coordinate system in order to obtain the canonical power series 
expansions of the two curves at the point of intersection. With refer- 
ence to the vanishing or nonvanishing of the two invariants J, J 
we have four different types of expansions. The absolute invariants 
in the expansions of each type are interpreted geometrically in terms 
of certain double ratios. 


2. Derivation of invariants. Let us establish a projective coordinate 
system in a plane, in which a point has nonhomogeneous coordinates 
x, y and homogeneous coordinates x1, x2, x3, connected by the rela- 
tions x =x2/x1, y=x3/x:. The context will show in any instance which 
coordinates are being used. Then let us consider two curves C, C in 
the plane which intersect at an ordinary point O with distinct tan- 
gents #, 7. If we choose the point O to be the vertex (1, 0, 0) of the 
triangle of reference, and the tangents #, ? to be the sides y=0, x =0 
of the triangle, then the power series expansions of the curves C, C 
in the neighborhood of the point O may be written in the form 


C: 40. 


Let us now make a most general transformation of coordinates 
which shall leave the point O and the tangents ¢t, # unchanged. This 
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transformation is expressed in terms of the nonhomogeneous coordi- 
nates by the equations 


= Box*/(1 + + Azy*), 
y = Cay*/(1 + + Asy*). 
The effect of this transformation on equations (1) is to produce two 


other equations of the same form each of whose first three coeffi- 
cients, indicated by stars, are given by the formulas 


(2) 


( = Bra, 
— a2) = Bo(2A2a, — Boas), 
— — Asas + as) = Bo(3A20; — 
— + Boas); 

(3) 

Bod, = 
B,(A = C3(2A 3d, — Caz), 
Geld: 


Solving the first four of equations (3) for Az, Az, Bz, Cz and subsitut- 
ing the results in the fifth, it is easily seen that 


(4) T = + 02/0; — 


is an invariant. In a way similar to the foregoing we have from the 
last one of equations (3) another invariant 


(5) J = + 42/4; — 43/4), 


which can be obtained also immediately by interchanging ai, 4; 
(¢=1, 2, 3) from equation (4). 


3. The canonical triangle and geometrical characterizations of the 
invariants J, J. By suitable choice of the other two vertices of the 
triangle of reference, expansions (1) can be simplified. For this pur- 
pose we consider the pencil of conics having contact of the third order 
with the curve C at the point O. The equation of a general conic of 
this pencil is readily found to be 


(6) + — ay t+ ky" = 0, 


where & is arbitrary. The coordinates of the pole O; of the tangent /, 
x=0, with respect to this conic are 
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(7) (a2, di, 0). 


Similarly, the pole O, of the tangent ¢, y=0, with respect to any 
conic having contact of the third order with the curve C at the point 
O has the coordinates 


(8) 0, 


It is convenient to call the points O,, O2 the associate points of the 
curves C, C at the point O. If these points be taken for the vertices 
(0, 1, 0), (0, 0, 1) of the triangle of reference, then a2 = & =0 and there- 
fore equations (1) become 


(9) y = ax? + +---, 
C: x= hy aid; 0, 
while the invariants J, J take the simpler form 
2, 21/3 
2, 2 3 
(11) 


Thus the coordinate system except the unit point has been deter- 
mined, and the triangle 00,0, will be called the canonical triangle of 
the curves C, C at the point O. 

We are now in position to characterize geometrically the invari- 
ants I, J by expressing them in terms of certain double ratios. To 
this end let us consider the conic which passes through the associate 
point O2 and has contact of the third order with the curve C at the 
point O. Hereafter we shall call this conic the associate conic of the 
curve C at the point O. From equation (6) its equation with respect 
to the canonical triangle 


(12) a,x? _ y = 0 


follows immediately. Similarly, we obtain the equation of the associ- 
ate conic of the curve C at the point O, 


(13) ayy? —x=0. 


The two associate conics (12), (13) intersect, besides in O, in three 
points P; (¢=1, 2, 3) with coordinates 


(14) 


where ¢ =1. Let P; be the intersections of the lines OP;, P;P;, where 
i, j, k=1, 2, 3 and are all distinct. It is evident that P/ PZ is the 
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unique real one among the three lines P/ Pj. Its equation may be 
easily found to be 


(15) 1 — — 0, 


and we shall call it the real associate line of the curves C, C at the 
point O. This real associate line intersects the tangent #, x =0, in the 
point R, 

2.1/3 
(16) (0, 1/2(a1d;)  ). 

On the other hand we consider a general cubic curve which has 
contact of the fourth order with the curve C at the point O and a 
node at O with #, 7 for nodal tangents. A simple calculation suffices 
to give the equation of this nodal cubic curve, namely, 


(17) + asxy. + ky" = 0, 


where is arbitrary. The line containing the three inflexions of the 
cubic (17) has the equation 


2 
(18) y = a;/43, 
which is intersected by the tangent #, x =0, in the point S, 
2 
(19) (0, a;/as). 


From equations (10), (16), (19) it follows at once that the double 
ratio of the four points O, O2, R, S is equal to 


(20) (002, RS) = — 1/2. 


Hence we obtain the following geometrical characterization of the 
invariant I. 

Let two plane curves C, C intersect at an ordinary point O with dis- 
tinct tangents t, t. Let Oz be the associate point of the curve C at the 
point O, and C3 a general cubic curve which has contact of the fifth 
order with the curve C at the point O and a node at O with t, ¢ for nodal 
tangents. If the tangent i intersects the real associate line of the curves 
C, C at O in point R, and intersects the line containing the three inflex- 
ions of the nodal cubic curve C; in point S; then the invariant I associated 
with the point O of the curves C, C is, except for sign, equal to two times 
the double ratio (OO2, RS). 

The other invariant J can be characterized geometrically in a simi- 
lar manner. 


4, Canonical power series expansions. In this section we shall com- 
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plete the characterization of the coordinate system by suitably choos- 
ing a covariant point for the unit point, and obtain the canonical 
power series expansions of the curves C, C in the neighborhood of 
the point O. It will be convenient to discuss four cases with reference 
to the vanishing or nonvanishing of the two invariants J, J. 

Case I. IJ#0. Here we can choose for the unit point the intersec- 
tion of the line of inflexions (18) and the similar one 


(21) = 


so that a3=aj, d;= 4. Thus we arrive at the canonical power series ex- 
pansions of the curves C, C in the neighborhood of the point O, 


C: +&y ad, 0, 
in which the coefficients a1, a can be expressed in terms of the two in- 
variants I, J, namely, 

(23) — I/J?, aq = — J/I*. 

Case Il. T=0, J0. In this case we observe that in the pencil (17) 
of nodal cubic curves there is a unique one having contact of the 
fifth order with the curve C at the point O. Making use of the first of 
equations (9) and noticing that a3=0 we find at once the equation 
of this cubic, namely, 

(24) ax ay aixy = 0. 
The join m of the two real intersections of the cubic curve (24) and 
the associate conic (13) of the curve C at O is given by the equation 

1/3 3 1/3 
(25) x + y= 0. 


If the unit point of the coordinate system be taken at the intersection 
of the lines (21), (25), then a,=a?(4,—a,), 4;=4, and therefore the 
canonical power series expansions of the curves C, C in the neighborhood 
of the point O are reached: 


2 3 
(26) y= ax tai(d;—a)x +°°-, 
Cc: +hy ad; ~ 0. 
Accordingly, the invariant J becomes 
(27) 


In §2 we have shown that there are only two independent invari- 
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ants determined by the neighborhoods up to and including the fourth 
order of the curves C, C at the point O, one of them vanishing now. 
In order to exhaust the two independent coefficients in the canonical 
expansions (26) it is sufficient for us to find another independent 
invariant of the curves C, C at the point O. For this purpose let r 
be the join of the two real intersections of the two associate conics 
(12), (13), whose equation is found to be 


/ 


(28) a; ay = 0. 


From equations (25), (28) the following double ratio is immediate: 
(29) A = mr) = 


Thus the two coefficients a:, & in expansions (26) have been com- 
pletely expressed in terms of the invariant J and the double ratio A, 
namely, 


(30) 1/JA, A?/J. 


Case III. I¥0, J=0. Similarly, with the réles of the curves C, C 
in Case II interchanged we obtain the desired canonical power series 
expansions for this case, 


31 
C: c= hy +a(a—a)y +--- ~ 0, 


in which the two coefficients a1, & can be expressed also in terms of the 
invariant I and a double ratio similar to (29). 

Case IV. I=0, J=0. It is useful for this case to consider the cubic 
curve which has contact of the fifth order with the curve C at the 
point O and a node at O with #, # for nodal tangents. The equation 
of this cubic can be written immediately by interchanging x, y and 
a:, 4; (t=1, 4) from equation (24). The result is 


(32) + ay. = 0. 


The line joining the associate point O, to the real intersection, other 
than O, of the cubic curve (32) and the associate-conic (12) of the 
curve C at O is given by the equation 


If the unit point of the coordinate system be taken at the intersection 
of the lines (25), (33), then a,=a? (4:—a1), and 
therefore we reach the required canonical power series expansions, 


— 
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(34) y= ayx + 


In order to interpret geometrically the coefficients in the canonical 
expansions (34), let us assume s to be the line joining the associate 
point O2 to the real intersection, other than O, of the two associate 
conics (12), (13), whose equation is found to be 


(35) 1 — = 0. 


From equations (33), (35) we obtain at once the following double 
ratio, 


(36) D = (i, 0,02, Nn, 5) = 


Thus the two coefficients a1, & in expansions (34) have been com- 
pletely expressed in terms of the two double ratios A, D, namely, 


(37) a,=D/d, 4 = DA? 


Some of the results of this section are contained in the following 
summary. 

Let two plane curves C, C intersect at an ordinary point O with dis- 
tinct tangents t, t. The projective differential geometry of the curves C, C 
in the neighborhood of the point O can be studied by means of expansions 
(22), (26), (31), (34) of four different types, all of whose coefficients 
are absolute invariants of the curves. The covariant coordinate system 
for each type of expansions has the following geometric description. The 
vertex (1, 0, 0) of the triangle of reference is the point O under consid- 
eration, and the other vertices (0, 1, 0), (0, 0, 1) are the associate points 
O:, Oz of the curves C, C at the point O. Let C3(C;3) be a general one of a 
pencil of cubic curves which have contact of the fourth order with the 
curve C(C) at the point O and a node at O with t, i for nodal tangents, 
K;(K;) the unique cubic of this pencil having contact of the fifth order 
with the curve C(C) at the point O, and I(1) the line of inflexions of the 
nodal cubic curve C;(C3). Further, let m(m) be the join of the two real 
intersections of the cubic K3(K3) with the associate conic C2(C2) of the 
curve C(C) at O, and n the line joining the associate point O» to the 
real intersection, other than O, of the cubic Kz with the associate conic Co. 
Then the unit point of the covariant coordinate system for each type of 
expansions is respectively one of the intersections of the four pairs of 
lines: (i) l and I, (ii) Land m, (iii) 1 and m, and (iv) m and n. 
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A TRANSFORMATION OF JONAS SURFACES 
CHENKUO PA 


It is well known that when an analytic surface S is referred to its 
asymptotic net (u, v) the homogeneous point coordinates x‘(u, 2) 
(t=1, 2, 3, 4) of a generic point on S can then be normalized, so 
that they satisfy the differential equations, 

Bx, + px, 

Lov = + qx, 


(1) 


where the coefficients B, y, p, g satisfy the conditions of integrability, 


(2) + 2p). = (By)ut Bru, + = + VB», 
(b> + Bg)» + Bog = (qu + ¥P)u + 
The conjugate net 2 of S defined by 
Cdu? + Ddv? = 0, 
has equal point invariants when and only when! 
(3) (log (C/D)) uw» — (y(C/D))» + (8(D/C))u = 0. 


The necessary and sufficient condition that 2 should have equal 
tangential invariants is obtained from (3) by replacing B, y by —8, 
—¥ respectively. If 2 has equal invariants, both point and tangential, 
then it is a Jonas net, and S then becomes a Jonas surface.” For a 
Jonas net we have thus the following relations: 


(log (C/D))u» = 9, (y(C/D))u — (B(D/C))» = 9. 


By a suitable transformation of asymptotic parameters, leaving the 
asymptotic net unaltered, the above equations reduce to 


Bu = Yo C=D. 


Hence a Jonas net on a Jonas surface S may be represented by the 
equation 


(4) du? — dy? = 0, 


and the surface 1s characterized by 


Received by the editors May 5, 1943. 

1 Cf. G. Fubini-E. Cech, Geometria Proiettiva Differenziale, vol. 1, Bologna, Zani- 
chelli, 1927, p. 105. 

2 Cf. Fubini-Cech, ibid. p. 106. 
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(5) Bu = Yr. 
The main object of this note is to prove the following theorem: 


THEOREM. The projection in a fixed plane of a Jonas net of a Jonas 
surface is a plane net with equal point invariants, and stands for the 
projection of the asymptotic net of another Jonas surface. 


A point P, with the coordinates 0=rx+sx.+ix,+lxu, is fixed in 
space if 


where / satisfies the system of equations 


= ye + (Yu + gl. 


A point P, on the straight line P,P., is evidently given by y =\0+<x. 
In virtue of (1), we find by differentiation that 


( y= (1 + + Asxu + Ata, + New, 
Vu = Aux + (1 + Aus) Xu + + AulXur, 
Yo = + + + + 
Yuv = Aue AuvSXu + Auch, + (1 + 
Yuu = (Ruut + AuuStu + Auut + B) + Au 
Yoo = (Avot + g)x + (Aves + Y) Xu + 


In order that P, be in a fixed plane, it is necessary and sufficient 
that 


(7) 


(8) 


Yuu = Ayu + Bye + Cy, 
= A’y, + By, + C’y, 
+ B’y, + 
Substituting (8) in (9) and reducing, we obtain 


(9) 


Yee 


A = 0, B=8, C= >, 
A’ = (log J),, B’ = (log C’ = py — I. /I, 
A” =¥, B” =0, Cc” = 4q, 


and the conditions for the parameter \ 
Auu = Br, + Pr, 
Aov = YAu + QA, 
tA, + Au. +1= 0. 
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Thus we have a plane net given by the equations 


Yuu = By, + Py, 
(10) You = + 
Yur = (log oyu + (log + (By — 
The curves of this net are the perspectives on the fixed plane of the 
asymptotic curves of a Jonas surface S obtained by projecting from 


the centre Ps. In order to obtain the perspectives on the same fixed 
plane of the Jonas net 2, we have to use the transformation 


so that 
= 

(11) (yu — yo)/ 

¥s = (yu t+ 
namely, 

Putting 


logl=6, By —I,./l 

we find after a simple calculation that 
( Yaa = (1/4)(y — B + 20. — 20) 
+ (1/4)(y + B — 20, — 20.) + (1/4)(p + — 20)y, 
(12) = (1/4)(y — B — 20, + 28.) 

+ (1/4)(y + B + 26, + 26.) + (1/4)(p + + 2c)y, 
= — (1/4)(B + + (1/4)(8 — + (1/4) (2 — 
which represent the perspectives of the Jonas net du?—dv?=0. Since 

— B+ ve = 


this net is of equal point invariants and therefore asymptotic. That is, 
it may be regarded as the perspectives of the asymptotic curves of a 
certain surface Q. The projective linear element of the surface Q is 
easily found to be 


(Bdu? + Ydi*) /2dudi, 
where 


The projective linear element of a plane net has been defined by E. Cech. Cf. 
Fubini-Cech, Introduction a la géométrie projective différentielle des surfaces, 1931, 
chap. 10. 


ai=u-—v, 
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B = (y+ — 20, — 20,)/4, = (vy — B — 20, + 20,)/4. 


The relation B.=7, gives, however, the similar relation 


Hence Q is also a Jonas surface, which completes the proof. 

As a special case of the theorem we have the result: 

Any Jonas net of a Jonas surface S is perspective to the asymptotic 
net of another Jonas surface Q from a fixed point. Conversely, if a Jonas 
net of a Jonas surface is perspective to the asymptotic net of another sur- 
face Q, then Q is also a Jonas surface. 
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